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ABSTRACT: A parity alternating permutation of the set [n] = {1,2,...,n} is a permutation with even and odd
entries alternatively. We deal with parity alternating permutations having an odd entry in the first position,
PAPs. We study the numbers that count the PAPs with even as well as odd parity. We also study a subclass
of PAPs being derangements as well, parity alternating derangements (PADs). Moreover, by considering the
parity of these PADs we look into their statistical property of excedance.
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1. Introduction

A permutation 7 is a bijection from the set [n] = {1,2,...,n} to itself and we will write it in standard
representation as 7 = 7w(1)w(2) --- m(n), or as the product of disjoint cycles. The parity of a permutation
7 is defined as the parity of the number of transpositions (cycles of length two) in any representation of 7
as a product of transpositions. One way of determining the parity of « is by obtaining the sign of (—1)"¢,
where ¢ is the number of cycles in the cycle representation of 7. That is, if the sign of 7 is -1, then « is
called an odd permutation, and an even permutation otherwise. For example, the permutation 42178635 =
(1473)(2)(58)(6), of length 8, is even since it has sign 1. All basic definitions and properties not explained
here can be found in [9] and [4].

According to [10], a parity alternating permutation over the set [n] is a permutation, in standard form, with
even and odd entries alternatively (in this general sense). The set P, of all parity alternating permutations is
a subgroup of the symmetric group S,, the group of all permutations over [n]. The order of the set P, has
been studied lately in relations to other number sequences such as Eulerian numbers (see [10,11]). Munagi [7]
has extended the study of parity alternating permutations to permutations containing a prescribed number of
parity successions.

However, in this paper we will deal only with the parity alternating permutations which in addition have an
odd entry in the first position; and we call them PAPs. It can be shown that the set P, containing all PAPs over
[n] is a subgroup of the symmetric group S,, and also of the group P,,. We consider this kind of permutations
because for odd n there are no parity alternating permutations over [n] beginning with an even integer. Avi
Peretz determined the number sequence that count the number of PAPs (see https://oeis.org/A010551).
Unfortunately, we could not find any details of his work. In https://oeis.org/A010551, we can also find the
exponential generating function of these numbers due to Paul D. Hanna. Since there is no published proof of
this formula we prove it here, as Theorem 2.1. Moreover, the numbers that counts the PAPs with even parity
and with odd parity (which were not studied before) are determined.

By p,, we denote the cardinality of the set P, of all PAPs over [n]. Let ¢,, denote a map from P, to S [21xS| 2
o(2i—1)+1
A 2
and o9(i) = UT%) It is easy to see that this map is a bijection. For example, the PAPs 5214367 and
7456321 over [7] are mapped to the pairs (3124, 123) and (4321, 231), respectively. If we consider a PAP
o in cycle representations, then each cycle consists of integers of the same parity. Thus, we immediately get

that relates a PAP o to a pair of permutations (o1, 03) in the set Srn1xS| =, insuch a way that oy (1) =
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cycle representation of o1 and oy. For instance, the cycle form of the two PAPs above are (153)(7)(2)(4)(6)
and (17)(35)(246) which correspond to the pairs ((132)(4), (1)(2)(3)) and ((14)(23), (123)), respectively.
(Unless stated otherwise we will always use (disjoint) cycle representation of permutations.) Another way of
looking at the mapping ¢,, is that o7 and o9 correspond to the parts that contain the odd and even integers
in o, respectively. Therefore, studying PAPs is similar to studying the two permutations that correspond to
the even and the odd integers in the PAP separately and then combining the properties. In Table 1, we give a
short summary of properties that permutations and PAPs satisfy (for detailed discussions, see Section 2). One

Permutations PAPs

Seq 1,1,2,6,24,120,.... 1,1,1,2,4,12,....
https://oeis.org/A000142 https://oeis.org/A010551

2vV4—x242cos ™! (1—{1:2/2)

1
EGF i (2—2)V4—22
Even (seq) 1,1,1,3,12,60,.... 1,1,1,1,2,6,18,72,...
https://oeis.org/A001710
Odd (seq) 1,1,1,3,12,60,.... 0,0,0,1,2,6,18,72,...
https://oeis.org/A001710
2 \/m-‘rcos*l(l—ﬁ) 2
2—zx 2 x x 1
Even (EGF> 2—2x (2—x)V4—=2 + 4 + 2 + 2
22 V4A—z2+4cos™?! 1—% 22 . 1
Odd (EGF) 22z (27:E)\/47(w2 ) T4 272

Table 1: A comparison table of permutations and PAPs (EGF means exponential generating function).

interesting subset of S, is the set D,, of derangements. For d,, = |D,,|, we have a well known relation
d, = (n — 1)[dn,1 + dn,Q], dp=1land dy =0 (1)

for n > 2. A proof of this relation may be found in any textbook on combinatorics, but we will have later use
of the following bijection due to Mantaci and Rakotondrajao ( [6]). They define 1, to be the bijection between
D,, and [n— 1] X (D1 U D,,_2) as follows: let DS denote the set of derangements over [n] having the integer
n in a cycle of length greater than 2, and fo) be the set of derangements over [n] having n in a transposition.
These two sets are disjoint and their union is D,,. Then for § € D,, define ¢,,(§) = (i,8’), where i = §~1(n) and
¢’ is the derangement obtained from

e c D7(L1) by removing n or
e )€ D,(f) by removing the transposition (¢ n) and then decreasing all integers greater than i by 1.

For instance, the pairs (2,(152)(34)) and (2,(12)(34)) correspond to the derangements (1526)(34) and
(13)(45)(26), respectively, for n = 6. We denote the restricted bijections 9|, and ¥y[,e) by 1/)7(11) and

53) , respectively.

Another important, and more difficult to prove, recurrence relation that the numbers d,, satisfy is
dp=ndp_1+(-1)", dy=0 (2)

for n > 1. We will later make a use of the bijection 7, : ([n] X Dp—1)\F,, — D,\E, given by the second author
( [8]) proving the recurrence. Where E,, is the set containing the derangement A, = (12)(34)---(n —1 n) for
even n, and is empty for odd n. F, is the set containing the pair (n, A,,_1) when n is odd, and is empty when
n is even. Thus, the inverse (, of 7, relates an element of [n — 1] x D,,_; with every derangement over [n| that
has the integer n in a cycle of length greater than 2, and an element of {n} x D,,_1\F,, with every derangement
over [n] in which n lies in a transposition.

Classifying derangements by their parity, we denote the number of even and odd derangements over [n] by
d;, and dj, respectively. Clearly d,, = d;, + d5. Moreover, the numbers d;, and d, satisfy the relations

dy, = (n=D[d; 1 +dj, 5] and dj = (n—1)[d;,_ +d;, ], 3)

for n > 2 with initial conditions d§ = 1, d§ = 0, dj = 0, and d$ = 0 ( [6], Proposition 4.1).

We will put a major interest on parity alternating derangements (PADs) which are the derangements that
also are parity alternating permutations starting with odd integers. Let 0,, denote cardinality of the set of PADs
®,, = D, N P,. The restricted bijection ®,, = ¢,|o, : O, — D[%1 X DL%J will let us consider the odd parts
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and the even parts of any given PAD regarded as ordinary derangements with smaller length than the length of
the PAD. The mapping ®,, plays the central role in our investigations. In Table 2, we display the connection of
ordinary derangements and PADs (for detailed discussions, see Section 3). Finding explicit expressions for some
of the generating functions are still open questions. On the other hand, the EGF for the PADs for example
is the solution to an eighth order differential equation with polynomial coefficients, and also is expressible in
terms of Hadamard products of some known generating functions.

Derangements PADs
Seq 1,0,1,2,9,44, ... 1,0,0,0,1,2,4, 18,81, 396, ...
https://oeis.org/A000166
EGF % open
RR dp=(n—1D[dn-1+ dn_2] relation (4)
RR dp =ndp_q1 + (—-1)" relation (5)
Even (seq) 1,0,0,2,3,24,130, . .. 1,0,0,0,1,0,4,6,45,192,976. ..
https://oeis.org/A003221
0dd (seq) 0,0,1,0,6,20,135, ... 0,0,0,0,0,2,0,12, 36, 204, 960, . .
https://oeis.org/A000387
Even (EGF) % open
Odd (EGF) % open
Even (RR) dé = (n—1[de_; +d°_s] relation (6)
0Odd (RR) d? = (n—1)[ds_1 +d&_s] relation (7)
Even- Odd (—1)"(n—1) (—1)"2 [ﬂ%’ﬂ L’%ZJ

Table 2: A comparison table of derangements and PAPs, RR represents recurrence relation.

In section 4, we study excedance distribution over PADs by means of the corresponding distributions for the
two derangements obtained by ®,,.

2. Parity alternating permutations (PAPs)

As we stated in the introduction, we use splitting method by the mapping ¢, in the study of PAPs. One
application of this is that the number of PAPs of length n is

pn = [Stg1llS 1)l = [n/2]Hn/2]!

n|0 1 2 3 4 5 6 7 8 9 10
pn |1 1 1 2 4 12 36 144 576 2880 14400

Table 3: First few terms of the sequence {py, }&°.

Proposition 2.1. The numbers p, satisfy the recurrence relation
pn = [n/2]pp-1,
forn>1 and pg=1.
Proof. First let us define a mapping w,, : S, — [n] X Sp—1 by
wn (1) = (i, 7),

where 7’ is obtained from 7 € S,, by removing the integer n, and i = 7~(n). One can easily see that w, is a
bijection.

Now let us take a PAP o over [n|. Then ¢, maps o to a pair (o1,02). Define then a mapping Q : P, —
“Z” x P,_1 as follows: for n = 2m

Q(J) = (i,gb;nll(al, Jé)) ’

ECA 1:2 (2021) Article #S2R16 3
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where (i,0%) = wp(02), and for n = 2m + 1

Q(U) = (i7¢27¢}b+1(0/17 02)) )

where (i,0]) = wm41(01). The mapping Q is a bijection since w, is a bijection for every n > 1. In any case,

there are {%] possibilities for 4. O

As a consequence, we get the following theorem.

Theorem 2.1. The exponential generating function P(x) = Zn>0pn% of the sequence {pn}22 has the closed
formula -

(2—a)/1——

Proof. Based on the recurrence relation in Proposition 2.1, we obtain the following relations

Po(x)ngl(x)—i—l and  Pi(z) = —PO /PO

2

where Po(z) = 3,5 an% and Po(z) = > 5 P2n+175 (2n+1), Clearly, P(z) = Py(z) + Pi(x). Additionally,
Py(x) satisfies the differential equation

x? x2 42 1
1— — ! = P, - —.
( 4)Po<x> ——Po(a) - -

Thus, we obtain the formulas

4 4zsin~" (Z) 8 8rsin! (%) 2
Py(z) = . d Pi(z) = 22 =,
b() I (4 — x2)3/2 an () T r(4—22)3/2
Therefore,
22
9 cos™H(1 — =)
P(z) = + 2 O
C-op1- o

For classification of PAPs in terms of their parity, we use PS and P? to denote the set of even PAPs and
odd PAPs, respectively, and p¢ and p¢ as their cardinality, respectively. Thus, p, = p% + pS.

n|0 1 2 3 45 6 7 8 9 10
p |1 1 1 1 2 6 18 72 288 1440 7200
P, 0 0 0 1 2 6 18 72 288 1440 7200

Table 4: First few terms of the sequences {p¢}5° and {p}5°.

Our goal is now to study the relationships between these two sequences.
Theorem 2.2. The numbers pt, and pS, satisfy the recurrence relations
pn = L(n—=1)/2]pf 1 + 15
po = Ln=1)/2]p 1 + P51,
forn > 1, with initial conditions p§ =1 and p§ = 0.
Proof. Let SS and S? be the set of even and odd permutations, respectively. Define two mappings wg : S§ —

[n—1)x S2_;US: ;and w? :S2 — [n—1] x S¢_,US2_; by

wy, () = {(i’Wl)’ ifi 7 n and  wp(m) = {(j7”')a if j#n

7' otherwise 7', otherwise,

respectively, where i = 7=1(n), 7’ is obtained from 7 by removing the integer n, and 7’ is obtained from =

by removing the cycle (n), for 7 € S¢. Similarly for w?. It is easy to see that both mappings w¢ and w? are
bijections.

ECA 1:2 (2021) Article #S2R16 4
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The mapping w¢ changes the parity of = when it results in 7’ and preserves when it results in #”. This
is because the signs of 7, 7’ and 7" are (—1)"7¢, (—=1)""17¢ and (—1)""!=¢*L  respectively, where c is the
number of cycles in 7. For the mapping w? we apply similar argument.

Now consider a PAP ¢ in P,. Then ¢, maps o in to a pair (01,02). Following the notation in the

proof of Proposition 2.1, let us define two mappings Q¢ : P; — “"T_l” x P° UPS ; and Q°: P? —
“%” x P¢_, UP?_, as follows:

1. when n is even

A ! fiLn e n
Qe(a,) _ <271¢n (01702)) ’ 1f17é 2 and QO( (7/71 0'1,0'2)) s lfl# 5
¢ (01,0Y), otherwise ¢, (o1,0Y), otherwise,

where ¢ = 02_1(5), and both o}, o} are obtained from o9 by the mapping w% when ¢ € PS¢ and by the

mapping w% when o € P?,
2. when n is odd

QE(O’) ( ¢ <01702)); lfj#%ﬂ and QO( ) (]7¢ (0'170'2))7 lfj;énTH
w (01,02), otherwise ¢, (07, 02), otherwise,
n+1

where j = Ufl(’T), and both o7, o} are obtained from o; by the mapping wnﬂ when o € P? and by

the mapping w‘,’q;rl when o € P?.

Since w,, is bijection for n > 2, both Q¢ and ¢ are bijections too. Note that in both mappings there are L”Tflj

possibilities for i (i # 2) and similarly for j (j # 2£L). O
Proposition 2.2. For any positive integer n > 3, we have p5, = py.

Proof. Multiplying a PAP by a transposition (1,n) if n is odd, or by (1,n — 1) if n is even, we obtain a PAP
having opposite parity. This multiplication means swapping the first and the last odd integer of a PAP in a
standard representation. It creates a bijection between PS and Py. O

By applying Proposition 2.2 and considering p(z), we get:

Corollary 2.1. The exponential generating functions of the sequences {pS}n>0 and {p}n>0 have the closed
forms

Pe(x):1<P(x)+x;+x+1> and  P°(x) = % <P(x)—””22—x—1>.

3. Parity alternating derangements (PADs)

As a result of the bijection ®,, in the introduction above, we can determine the number 9,, of PADs over [n] as
follows:

[n/2] |n/2] (i ) i
0 = dfyndinsz) = Y Y [n/2][n/2]!
j=0 =0
n|0 1 2 3 4 5 6 7 8 9
d, |1 0 1 2 9 44 265 1854 14833 133496
% |1 0 0 0 1 2 4 18 81 396

Table 5: First few values of d,, and 0,,.

In the next theorem we give a formula for the number of PADs, connected to the relation (1).

Theorem 3.1. The number of PADs over [n] satisfy the recurrence relation
0, = s(bn_l +(n—2- 8) (0n—3+ 0p—4q) ), (4)

where s = L%_IJ = W, form > 4, with initial conditions 099 =1, 07 =0, 02 =0 and 03 = 0.

ECA 1:2 (2021) Article #S2R16 5
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Proof. The proof is splitted into two cases, for PADs over a set of odd and even sizes. Let (d1,d2) be
the corresponding pair of a PAD § € ©,, under the mapping ®,. Define a mapping ¥ : D, — [s] X
(Dp1Un—2—5] X (Dy_3UD,,_4)) as follows:

Case I: for odd n, depending on the following two elective properties of §, the mapping ¥ will be defined
as:

1. in the event of the largest entry %H of 01 being in a cycle of length greater than 2, we let
\11(5) = (i, @;1(517 62)) )

where (,8]) = w& (01);

2. in the event when "TH lies in a transposition in d;, we distinguish two cases:

e if the largest entry ”Tfl of 5 is contained in a cycle of length greater than 2, then
V(8) = (3, 5, @1 (81, 83))

where (i, 8)) = ), (61) and (j, 8) = ¥\, (8s);

2 2

o if %71 is contained in a cycle of length 2 in Jo, then
V(o) = (i, j, ®, (81, 03))
here (i, 8;) = '), (61) and (j, &) = ¢'2), (5
where (i, 07) ¢nT+1( 1) and (j, 63) = ¥,.”, (d2).

Case II: for even n,

1. in the event of the largest entry 4 of 5 lies in a cycle of length greater than 2, we let
V(8) = (i, @, (41, 83))
where (i, 0) = 15 (6);
2. in the event when % being in a transposition in d, we distinguish two cases:

o if the largest entry 5 in d; contained in a cycle of length greater than 2, then
\11(6) = (iv ja (I);l( 1’ 512)) )

where (i, 67) = 9§ (61) and (j, 6) = ¥% (62);

e if 3 contained in a cycle of length 2 in 41, then

W(6) = (i, j, P51 (61, 05)),

—

where (i, 67) = ¢ (61) and (j, 85) = ¥ (3).

|3

Since 1, is a bijection for any n > 2, one can easily conclude that ¥ is a bijection too. Note that in both

cases there are L”T*IJ = s possibilities for ¢ and L%J =n — 2 — s possibilities for j. Thus, the formula in the

Theorem follows. O
The next theorem is connected to the relation (2).

Theorem 3.2. The number 0,, of PADs also satisfies the relation

Oy = 501 + (—1)dp—s, (5)
where s = [2] = ZHCU0 for > 1 with dy = 0, dg = 1 and 99 = 1.
Proof. Distinguishing by means of the parity of n, we can write the relation (5) as:

0, = d, (s ds_1 + (—1)3) when n is even, and 0, = (s ds_1+ (—1)5) ds_1 when n is odd.

Now, take a PAD § in ®,, and introduce two mappings as:

ECA 1:2 (2021) Article #S2R16 6
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o Zy: (Ds\Es) x Dy — [s] x (Ds—1\Fs) x Dy by

b, ids X Cs h idx®;, B
d z; (51762) m (61a (Z,(Sé)) 7 (Za (51755)) idx D, (qu)n1(51a6é))7
and
[ Z1 : (DS\ES) X D3,1 — [S] X (DS,]_\FS> X DS,1 by
o, CsXids_1 ) hi . idx®, .
§ = (8, 82) e ((7,8), 82) = (i, (8}, 62)) mmms (i, D7 (8), 82)).
o, Ts Xids—1 ha idx®y!

Note that h, hy, and hy are the obvious recombination maps. Since all the functions we used to define the two
mappings Zy and Z; are injective, both Zy and Z; are bijection mappings. O

In order to classify PADs with respect to their parity, we let ©f and D¢ denote the set of even and odd
PADs over [n], respectively. Moreover, d¢, = |D%| and 9% = [D9]. Obviously, 9,, = 0§ + 0.

n|[0 1 2 3 45 6 7 8 9 10
|1 0 0 0 1 0 4 6 45 192 976
/0 0 0 0 0 2 0 12 36 204 960

Table 6: First few values of the number of even and odd PADs.

Proposition 3.1. The numbers of even and odd PADs satisfy the relations
O = diy iy + dly dpyy and 0 = dig diyy +digydly ),
for n >0, with initial conditions d§ =1, df =0, d§ =0, and df = 0.
Proof. Let § be a PAD over [n]. Then, there exist 61 € Dyny and 02 € D|n| such that ®,(0) = (01,02). If
0 € ®¢, then §; and d2 must have the same parity. Thus, 0% = dT%jd(Fg] + df%Jdo 1 If § € ®F, then 6; and d,

5

must have opposite parities. Hence, 02 = d€, d%n + d%u-d%n . O
n L3]17T51 [17°1%]
Corollary 3.1. The number of PADs with even parity and with odd parity satisfy the recurrence relations
o =5 (00 +(n—2—5)(05_5+05_4)) (6)
o =501+ (n—2-5)()_5+07_4)), (7)
where s = L”T*lj = W, for n > 4 with initial conditions 0§ =1, 9§ =0, and 0 =0 =0 fori=1,2,3.

Proof. Tt is enough to clarify the effect of the bijection ,, on the parity of a derangement over [n], the rest is
just applying the bijection ¥ from the proof of Theorem 3.1.

Letting 6 be in D,,, ¢’ has sign either (—1)""17¢if § € DY, or (—1)n=2=lemh) = (—1)n1cif § € D). Here
0’ is the derangement obtained from & by applying v,,, and c is the number of cycles in the cycle representation
of §. This means, the bijection 1,, changes the parity of a derangement. O

Definition 3.1. Let § be a derangement over [n] in standard cycle representation and let C1 = (1 ag -+ ap)
be the first cycle. Following [3], an extraction point of § is an entry e > 2 if e is the smallest number in the
set {2,...,n}\{az} for which Cy does not end with the numbers of {2,...,e}\{az} written in decreasing order.
The (n —1) derangements, 0p; = (linn—1 -+ i+2i+1i—14—2 --- 32) foric [2,n], that do not have
extraction points are called the exceptional derangements and the set of exceptional derangements is denoted by
X,. Note that the extraction point (if it exists) must belong to the first or the second cycle.

Following this approach we may introduce:

Definition 3.2. We call the PAD

@;1(5[%]71, O|nj ), forie [2,[n/2]] and j € [2, |n/2]]

an exceptional PAD and we let X,, denote the set containing them.

ECA 1:2 (2021) Article #S2R16 7
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Example 3.1. Ifn =38, then

Xy = {@5" (0,2, 042), 5 (012, 613), @5 ' (0a,2, 0aa), ®5'(Ou3, 0u2), D5 (03, 6a3),
B (043, 6a.4), P5 (044, 0a2), g (Saa, 043), Pg'(0u, 624)}
— {(1375)(2486), (1375)(2684), (1375)(2864), (1573)(2486), (1573)
(2684), (1573)(2864), (1753)(2486), (1753)(2684), (1753)(2864)}.

Remark 3.1. Since the exceptional derangements over [n] have sign (—1)"~1, all the exceptional PADs in X,
have the same parity, with sign (—1)"~2 = (=1)".

Remark 3.2. As it was proved in [3], the number of the exceptional derangements in X,, is the difference of the

number of even and odd derangements, i.e., d% —dS = (—1)""*(n—1). Chapman ( [5]) also provides a bijective

proof for the same formula. Below we give the idea of the proof due to Benjamin, Bennett, and Newberger ( [3]).
Let f,, be the involution on D,\X,, defined by

fo@) =fa(laz X eY Z)7') =l ay X Z)(e V) 7'

for m in D,\X,, with the extraction point e in the first cycle; and vice versa for the other m in D\ X,, with the
extraction point e in the second cycle. as is the second element in the first cycle of w; X, Y, and Z are ordered
subsets of [n], Y # 0 and Z consist the elements of {2,3,...,e — 1}\{aa} written in decreasing order, and «' is
the rest of the derangement in 7. Since the number of the cycles in m and f,(m) differ by one, they must have
opposite parity.

Labeling 9§ —0¢, as f,, we have the following result.

Proposition 3.2. The difference f, counts the number of exceptional PADs over [n] and its closed formula is
given by

_ o m—2[P—27n-2
n = (=1) [ 2 H 2 J ®
Proof. Let § be in ©,\X,,. Then ®,, map ¢ with the pair (41, ). Define a mapping F' from D, \X, to itself as

i frz1(61), 62 ) if n is odd
@1 (01, flz (d2)) otherwise.

n

F(5) =

Since f, is a bijection and changes parity, F is a bijection and also § and F(d) have opposite parity. The

leftovers, which are the PADs in X, with sign (—1)"~2, are counted by [252]| 252 ]. O
n|0 1 2 3 4 5 6 7 8 9 10 11 12
fn ‘ 10 0 01 -2 4 -6 9 -12 16 -20 25

Table 7: First few values the difference f,, = 0y, — 07.

This sequence looks like an alternating version of https://oeis.org/A002620, to which Paul Barry con-
structed an EGF. From [2], we learned that he used Mathematica to generate the formulas by taking the Inverse
Laplace Transform of the ordinary generating function described in [1]. However, we propose the following more
direct, constructive proof.

Theorem 3.3. The exponential generating function of the difference f,, has the closed form

% + 6?(2%2 +6x+7).

Proof. From the closed formula of §, in Proposition 3.2, we have

(n - 1)2 = f27l = Dgn - agn and TL(TL - 1) = f27l+1 = _(oSnJrl - DgnJrl)'
Hence,
" 12x2” _x2—3x—|—4m > +3x+4 d
Zh”(m)l_z(”_ Yemi- s ¢t ¢
n>0 n>0
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ke ™ 2 —3z+3 2?2 +3z+3
Z f2n+1 Z ’I’L(TL — 1)7 = — em + 67w
n>0 ) n>0 n! 8 8
Thus,
2n+1 em e—.’c 9
Z f2n i Z f2n+1 TS + 3 (22 + 6z +7)
is the desired formula. O

4. Excedance distribution over PADs

In this section, we focus on excedance distribution in PADs.

Definition 4.1. We say that a permutation o has an excedance on i € [n] if o(i) > i. In this case, i is said to
be an excedant.

We give the notation below in the study of this property:

0,5 =|{0 €D, : 0 has k excedances}|,
nk = [{0 €D°(n) : 0 has k excedances}|,
nk = {0 €D%(n): ¢ has k excedances}|.

Mantaci and Rakotondrajao ( [6]) studied the excedance distribution in derangements, i.e., the numbers

dni = |{0 € D,, : 8 has k excedances}|,
mk = {0 € Dy : 6 is an even derangemnt and has k excedances}|,

ok = {0 € Dy : 6 is an odd derangemnt and has k excedances}|.

Remark 4.1. Since the number of excedances in a derangement over [n] is in the range [1,n — 1], the number
of excedances of a PAD over [n] is at least 2 and at most n — 2.

Proposition 4.1. The numbers 9, x, 05 s and o) are symmetric, that is

Dn,k: = an,nfk; Dfl,k; = az,n—ka and a%,k = ?Lnfk:'

Proof. The bijection from ®,, to it self, defined as § — 6! for § € D,,, associates a PAD having k excedances

with a PAD having n — k exeedances and also preserves parity. O
Dn,k

n\k|2 3 4 5 6 7
4 1
5 1 1
6 1 2 1
7 1 8 8 1
8 1 14 51 14 1
9 1 28 169 169 28 1
10 1 42 483 884 483 42 1

Table 8: First few terms of the number of PADs in terms of number of excedances

Proposition 4.2. The excedance distribution of a PAD is given by

Ve = folldr"w digjp—i if 2<k<[3]
n,k — n— _ i
2= dm din)nrtis if [5] <k<n-2

Proof. To find the number of excedances of a PAD § over [n], we sum up the number of exeedances in §; and in
2, where (91, d2) is the image of § defined in ®,,. Since there are d,, ; derangements in D,,, having ¢ excedances,
for i € [1, m — 1], the products dy, ; dj ki, for m = [5] and | = |5 ], determine the number of PADs over [n]
having k excedances. Summing up the products over the range ¢ = 1,2, ..., k—1 will give the first formula. The
second formula follows from Proposition 4.1. O

ECA 1:2 (2021) Article #S2R16 9



Frether Getachew Kebede and Fanja Rakotondrajao

n,k n,k
n\k|2 3 4 5 6 7 n\k|2 3 4 5 6 7
4 1 4 0
) 0 O ) 1 1
6 1 2 1 6 0 O 0
7 0 3 3 0 7 1 5 5 1
8 1 8 27 8 1 8 0 6 24 6 0
9 0 13 83 83 13 0 9 1 15 86 8 15 1
10 1 22 243 444 243 22 1 10 0 20 240 440 240 20 O

Table 9: First few values of 9, 5 in terms of their parity

Corollary 4.1. The excedance distribution of PADs in terms of their parity is given by:
k=1, e o ;
ek:{Z @00y i+ By iy ) F 2SR /2
: S (de 51 dLgJ,n—k—H+d[%],zdL5J,n—k+i)’ if [n/2] <k<n-2
k—1 e (o} e >
o _ {Z 1 (A1, 40y it dfay i Ay pmi)s 25K < [0/2]

)

n,k — n—k—1/ ;¢ o e ;
Yo (d[ n dL%Jvn—’H—i + d[%],idl_%J,n—k—&-i)’ if [n/2] <k<n-2
O
An immediate consequence of this Corollary is
Proposition 4.3. We have
fmk = ofz,k - ?L,k} = (_1)71, max{k -1 n_(k + 1)}7
form>4 and2 <k <n-2.

Proof. Mantaci and Rakotondrajao (see [6]) have proved the identity dj , — d5,, = (—1)" using recursive
argument. Applying this with the Corollary 4.1, we get the desired formula. O
fn,k

n\ k 3 4 5 6 7
4
5 -1 -1
6 2 1
7 -1 -2 -2 -1
8 2 3 2 1
9 -1 -2 -3 3 -2 -
10 1 2 3 4 3 2 1

Table 10: The first few values of the difference Dfuk — Dz,k-

Theorem 4.1. The exponential generating function for the sequence {f, 1} has the closed form

i sinh vuz — (1 — u)2> :

1
m <U2€E + efua: — 2U COSh \/’ljﬂf —+ u\ig

Proof. Let fp(u) = ZZ;; foxuf and §(z,u) = Y4 fn(u)% From Proposition 4.3, we have
S CE N LR R
ET Yom —k—1, ifm<k<2m-2,

; C[=(k-1), f2<k<m
LT —2m — k), ifm <k <2m—1,

for m > 2. So,

m 2m—2 2 m-+1 2m
u® — 2u +u
Fom (u g —1u + E (2m — k—l) = = up ,
k=2 k=m+1
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m 2m—1 m+2 m+1 2 2m—+1
+u —u®—u
fom1(u) = Z Z (2m — k)u . 7
k=2 k=m+1 (1~ u)
2m+1
r,u)= + m
Ha, u) mzzf mz>2f2 () Gy
1 2
= Tue ( 27" 4 e — 2y cosh \/ux + u;; sinh ux — (1 —u)z) :

Methodological remarks

In this paper, most of our results are obtained in a way of splitting the permutations into two subwords.
However, this method is not always applicable. One example is the number of PADs avoiding the pattern
p =12. The only derangement that avoid p is (1 n)(2 n—1)--- (% 2£2), for even n, that is, the derangement
over [n] with entries in decreasing order when written in linear representation. However, it does not exist if n is
odd, since ™1 is a fixed point. The PAD § created from a pair (41, d2), by the mapping ®; !, of two even length
derangements that both avoids the pattern pis § = (1 n—1)(3 n—3)--- (252 22)2n)(4 n—-2)--- (2 22),
which is n—1 nn—3n—2---3 41 2 in linear form, has length n = 0 (mod 4). However, each pair ¢ i+1, where
1 is an entry in odd position, is a subword with the occurrence of the pattern p in §. This indicates that §; and
02 avoid p but § doesn’t. Things get even more complicated with patterns of length greater than 2.

Final Remarks: As for now, we have not been successful in finding the recurrence relations and generating

functions for the sequences {0, 1 }nZo, {05, 1 }nzo, and {05, , }5n2.
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