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ABSTRACT: This article provides a method for constructing invariants and semi-invariants of a binary N-ic form
over a field k characteristics 0 or p > N. A practical and broadly applicable sufficient condition for ensuring
non-triviality of the symmetrization of a graph-monomial is established. This allows the construction of infinite
families of invariants (especially, skew-invariants) and families of k-linearly independent semi-invariants. These
constructions are very useful in the quantum physics of Fermions. Additionally, they permit us to establish a
new polynomial-type lower bound on the coefficient of ¢* in (1 — ¢q) (N ;rd)q for all sufficiently large integers d

and w < Nd/2.
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1. Introduction

Fix an integer N > 2. Let k be a field of characteristic either 0 or strictly greater than N. Let X, Y, t,
21,...,2n be indeterminates. Let F1(t),..., Ex(t) and f(X +t) be the polynomials defined by

N N
fX+t) = J[(X +z+t) = XN+ E@xV
i=1 i=1
For 1 <i < N, let ¢; :== F;(0). Then, f(X) = X¥ + e, X¥-1 4+ ... 4 ey. A polynomial P(ey,...,ex) €
kle1,...,en] is said to be translation invariant provided P(Ey(t),...,En(t)) = P(e1,...,en). It is a (well

known) simple exercise to verify that the subring k[y1, ..., yn—1] of kle1, ..., en], where y; := E;(—e; /N) for 1 <
i < N, is the ring of all translation invariant members of k[ey, ..., ey]. Furthermore, we have k[y1,...,yn_1] =
kle1,...,en]NEk[z1 — 2a,...,21 — 2n] (e.g., see Ch. 2, Theorem 1 of [10]). A polynomial h € k[eq, ..., en] is said
to be homogeneous of weight w provided as a polynomial in z1, ..., zy, h is homogeneous of degree w. Note that
y; is homogeneous of weight i + 1 for 1 < i < N. Next, consider the (generic) binary form F := Y a; XY N~
of degree N where ag is an indeterminate and a; := age; for 1 < i < N. A semi-invariant of F of degree
d and weight w is a polynomial Q € klag,a,...,an] such that Q = adP(ei,...,en) where P(eq,...,en) is
translation invariant, homogeneous of weight w and has total degree < d in eq,...,ey. For 0 < ¢ < N, the
weight of a; is defined to be i. Then, note that @ is homogeneous of degree d and weight w in ag,...,ay. An

invariant of F of degree d is a semi-invariant of F' of degree d and weight Nd/2. For a fixed N, the set of
semi-invariants (of the binary N-ic F') of degree d and weight w form a finite dimensional k-linear subspace of
klag,a1,...,an]. This subspace is known to be trivial unless 2w < Nd. Provided chark = 0 and 2w < Nd, a
theorem of Cayley-Sylvester proves that the dimension of the aforementioned space of semi-invariants of degree

d and weight w is the coefficient of ¢* in (1 — ¢q) (N:lrd)q where (N:lrd)q is the g-binomial coefficient (see [6], [18]

or Theorem 5 of [10]). Let p,(IV,d) denote the coefficient of ¢* in (N:{d)q. Then, p,(N,d) is the number of

integer-partitions of w in at most N parts with each part < d. As a corollary of the Cayley-Sylvester theorem,
we then have p,(N,d) > py-1(N,d) for 2 < w < Nd/2; this establishes the unimodality of the coefficients
of (N;rd)q. For the first purely combinatorial proof of this result, see [11]. Since p,,(N,d) — py—1(N,d) are
the dimensions of spaces of semi-invariants, it is natural to investigate explicit (lower, upper) bounds on them.
Recently, some interesting lower bounds on p,, (N, d) — py—1(N,d) have come to light (see [4], [12], [19] and
their references). This article has two objectives: provide explicit methods of constructing a class of k-linearly

independent semi-invariants and obtain a new lower bound on p,,(N,d) — py,—1(N,d) for certain pairs (w,d).
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The non-trivial lower bounds of [4], [12] and [19] are valid for min{N, d} > 8 but for all sufficiently large values
of d and w, they do not depend on (w,d). In contrast, our lower bounds (see Theorem 3.1) are polynomials in
w for all (N,d); Example 3.1-3.2 and Remark 3.1 appearing at the end of the article present a more detailed
comparison. In the rest of the introduction, we describe our motivation for, and our method of, constructing
semi-invariants of a binary N-ic form.

Ever since the theory of invariants of binary forms was founded, invariant-theorists have explored and devised
methods for writing down concrete invariants; however, each of these methods has its own shortcomings. The
‘symbolic method’ of classical invariant theory (see [3], [6], [7]) provides an easy recipe for formulating symbolic
expressions that yield invariants and semi-invariants. But, without full expansion (or un-symbolization) one does
not know whether a given symbolic expression yields a nonzero semi-invariant. Here we prefer the other method,
i.e., the method of symmetrized graph-monomials. This too was known to classical invariant theorists (see [13],
[14], [17]). It poses the problem of finding a useful criterion to determine the nonzero-ness of the symmetrization.
Historically, Sylvester and Petersen considered this problem; in fact, Petersen formulated a sufficient (but not
necessary) condition that ensures zero-ness of the symmetrization. For a detailed historical sketch of this topic,
we refer the reader to [16]. In [16], nonzero-ness of the symmetrization of a graph-monomial is shown to be
equivalent to certain properties of the orientations and the orientation preserving graph-automorphisms of the
underlying graph; but as matters stand, verification of these properties is as forbidding as is a brute force
computation of the desired symmetrization. Our interest in construction, as opposed to ezistence, of invariants
and semi-invariants stems primarily from the need to obtain explicitly described trial wave functions for systems
of N strongly correlated Fermions in a fractional quantum Hall state. Such a trial wave function is essentially
determined by a so-called correlation function. The intuitive approach of physics presents such a correlation
function as a symmetrization of a monomial obtained from the graph of correlations representing allowed strong
interactions between N Fermions. It so happens that this correlation function turns out to be a semi-invariant
(an invariant in certain cases), of a binary N-ic form. In this article, we establish an easy-to-use yet broadly
applicable sufficient criterion (see Theorem 2.1) for non-triviality of a symmetrized graph-monomial. Besides
enabling explicit constructions of the desired trial wave functions, Theorem 2.1 is also interesting from a purely
invariant theoretic point of view. Following Theorem 2.1, we exhibit a sample of its applications (see Theorem
2.2, Theorem 3.1).

A multigraph is a graph in which multiple edges are allowed between the same two vertices of the graph.
Consider a loopless undirected multigraph I' on finitely many (at least two) vertices labeled 1,2, ..., N; multi-
graph T is said to be d-regular provided each vertex of I has the same degree d. In the figures below, I'; is seen

to be a 2-regular multigraph and the multigraphs I's, I's both are 3-regular.

- AN

Figure 1: Ty Figure 2: T’y Figure 3: T'3

£

Let (T, 4, j) be the number of edges in ' connecting vertex i to vertex j. The graph-monomial of T, denoted
by wu(T"), is the polynomial in 21, ..., 2y defined by

w@ = [ (z—z) 0,

1<i<j<N

Let ¢g(T") denote the symmetrization of p(T"), i.e., g(T') := > pe(T'), where the sum ranges over the permutations
o of {1,2,...,N} and i, (T") stands for the product of (z,(i) — 2(j))* "% for 1 <i < j < N. In the classical
invariant theory of binary forms (where k = C), it is well known that if I" is d-regular on N vertices, then g(T")
is a (relative) invariant of degree d (and weight Nd/2) of the binary N-ic form F. Moreover, the vector space of
invariants of F of degree d is spanned by the set of symmetrized graph monomials corresponding to the d-regular
multigraphs on N vertices (for a proof see [6] or its modern treatment: Ch. 2, Theorem 4 of [10]). If T is not
d-regular for any d, then ¢g(I") is a semi-invariant (as defined in [6], [7]) of F irrespective of the characteristic
of k. For example, g(I'y) is a quadratic invariant of a binary sextic (investigated in [5]) and each of g(I's),
g(T'3) is a cubic invariant of a binary quartic. It can be easily verified that g(I's) is identically 0 whereas g(I's)
is essentially the only nonzero cubic invariant of a binary quartic. In general, given a nonzero semi-invariant
of F, there is no known method to determine whether the invariant is g(I'") for some multigraph I". Also, for
non-isomorphic multigraphs I, I their corresponding semi-invariants g(T'), g(I'") may be numerical multiples
of each other. Clearly, it is desirable to understand the types of multigraph I for which ¢(T") is nonzero. For
then, we get a natural method of constructing nonzero semi-invariants of F'.
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In the physics of Fermion-correlations, vertices of I' correspond to Fermions and the edges in I' represent
correlations (a repulsive interaction) between the Fermions; here, it suffices to work over C. A multigraph T
is called a configuration of Fermions provided ¢(T") is nonzero, and then g(T') is called the correlation-function
of this configuration. A configuration I' need not be d-regular for any d. In physics, a configuration I' is as
important as its associated correlation function ¢g(I"). This leads to some interesting new problems that do not
seem to have any parallels in the theory of invariants. For example, let p(I') and L(I") denote the maximum
of and the sum of all e(T',4,7) respectively. For fixed integers N, L and d, consider the set C(N,L,d) of
multigraphs I with the maximum vertex-degree d, L(T") = L and g(T") # 0. Let p(NV, L, d) denote the minimum
of p(I') as T ranges over C(N, L,d). A configuration I' € C(N, L,d) is minimal if p(T') = p(N,L,d). It is
known (see [11], [15]) that the lowest energy configurations (or states) I' are those with the least p(T"). Thus
one needs to estimate p(N, L, d) for a given triple (N, L, D). Likewise, given I', IV € C(N, L, d), it is of interest
to know when ¢(T") is (or is not) a constant multiple of g(I'V). Without digressing into deeper physics, we
simply refer the reader to [2], [9], [10] and [15]. Using a weak corollary of Theorem 2.1 of this article, we have
explicitly constructed trial wave functions for the minimal IQL configurations of N Fermions in a Jain state
with filling factor < 1/2 (see [10]); it is not possible to give a full account of our recent results here. The
central result of this article (Theorem 2.1), presents a useful sufficient condition on a multigraph I" that ensures
non-triviality of g(I'). There is nothing akin to Theorem 2.1 in the existing literature. Whenever Theorem 2.1
is applicable to even a single member of C'(N, L, d), it readily yields an upper bound on p(N, L, d). Our proof of
Theorem 2.1 is purely algebraic in nature; so, the edge-function (or the edge-matrix) of a multigraph is of key
importance in the proof. In Theorem 2.1 we consider only those multigraphs I' that can be partitioned into two
or more sub-multigraphs I'y, ..., T, such that each ¢g(T';) is nonzero (in particular, if T'; has no edges) and the
inter-edges between pairs I';, I'; are more ‘dominating’ (in a specific way) than the intra-edges within each I';.
Using Theorem 2.1, we are able to construct several infinite families of invariants (including skew-invariants,
see Theorem 2.2) as well as families of k-linearly independent semi-invariants of a binary N-ic form over k (see
Theorem 3.1). Philosophically, our approach has its source in [1] where the linear independence of standard
monomials is proved by counting the corresponding standard Young bitableaux; this yields formulae for Hilbert
functions of ladder determinantal ideals. In a similar spirit, we count multigraphs of a certain ‘degree’ and
‘weight’ to produce linearly independent semi-invariants of the corresponding degree and weight; this yields the
aforementioned lower bound. In closing, we share our optimism that there is a generalization of Theorem 2.1
yet to be discovered, that will allow construction of all semi-invariants as symmetrized-graph-monomials.

2. Symmetrization of graph-monomials

In what follows, N is tacitly assumed to be an integer > 2, k denotes a field and z1,..., 2z are indeterminates.
We let z stand either for (z1,...,25) or the set {z1,...,znx}. It is tacitly assumed that either k has characteristic
0 or the characteristic of k is > N. As usual, given a positive integer n, S,, denotes the group of all permutations
of the set {1,...,n}.

Definition 2.1. Let m and n be positive integers.
1. Let Symmy : k[z] = k[z] be the Symmetrization operator defined by
Symmpy (f) = Z f(Zoys s Zo(ny)-
oeSN

f € k[z] is said to be symmetric provided
f(zg(1)7...,zJ(N)) = f(zl,...,zN) for alloc € Sy.

2. For an m x n matriz A := [a;;], let r;(A) := a;1 + -+ - + ain, (the sum of the entries in the i-th row of A)
for 1 <i<m and let

1AL = ri(A) 4 rn(A) = 30D ay.

i=1 j=1

3. Let E(N) denote the set of all N x N symmetric matrices A := [a;;] such that each a;; is a nonnegative
integer and a; =0 for 1 <i < N.

4. Given an integer d, by E(N, d) we denote the subset of A € E(N) such that r;(A) = d for 1 <i < N,
i.e., each row-sum of A is exactly d.

5. For an N x N matriz A := [a;;], let

0(z, A) = H (2 — )%,

1<i<j<N
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6. Let Dy, ny = [(cij] be the m X n matriz such that
0 ifi=j,
Cii =
1 ifi#j.

By Dy, we mean Dy, ). In particular, D1 = 0.

Lemma 2.1. Let n be a positive integer. For 1 <i < n, let g; € Q(z). Then g? + g3 +---+g2 =0 if and only
if g =0 for 1 <i <mn. In particular, given a 0 # g € Q(21,...,2n) and a nonempty subset S C Sn, we have

Z 9(Zo(1ys -+ 20(n))? # 0.
oceS

Proof. With the above notation, assume that g1 # 0. Let h := ¢ + g5 + -+ +¢2. For 1 < i < n, let
Di,qi € Q[z1,...,2n] be polynomials such that g;q; = p; and ¢; # 0. Note that, g; # 0 implies p; # 0. Now
since f := p1q1q2 - - - ¢, is a nonzero polynomial with coefficients in Q, there exists (ay,...,ay) € QY such that
flay,...;an) # 0. Fix such an N-tuple (aq,...,an) and let ¢; := g;(a1,...,an) for 1 <i < mn. Then, ¢; #0
and ¢; € Q for 1 < i < n. Since ¢ > 0 and (¢ + -+ +¢2) > 0, we have h(ai,...,ay) > 0. This proves the first
claim. The remaining assertions now easily follow. O

Definition 2.2. 1. For BC {1,2,...,N}, let
7(B) = {(i,j) € Bx B | i < j}.

By abuse of notation, m(B) is also identified as the set of all 2-element subsets of B. The set 7({1,...,N})
is denoted by T[N].

2. Given C C w[N] and a function € : C — N, the image of (i,7) € C via € is denoted by €(i,7). An integer
w € N is identified with the constant function C — N such that (i,7) — w for all (i,5) € C.

3. Given C C w[N] and a function € : C — N, define
v(z,C,¢) = H (2; — 2;)°(9)
(i,5)€eC

with the understanding that v(z,0,¢) = 1.

Remark 2.1. There is an obvious bijective correspondence € <> [a;;] given by
a;; = €(t,j) forl<i<j<N
between the set of functions € : 1[N] — N and the set E(N).

Suppose mq < mg < --- < my is a partition of N and M € E(N). Consider M as a ¢ X ¢ block-matrix
[M,s], where M, has size m, x m, for 1 < r,s < q. View M as the sum M* + M** where M* is the ¢ X ¢
block-diagonal matrix having M,.. as its r-th diagonal block and where M** is the ¢ x ¢ block-matrix whose
diagonal blocks are zero-matrices. Clearly, M* and M** both are in E(N) and M,, € E(m,) for 1 <r <gq.

Definition 2.3. Let the notation be as above.

1. For1<r <gq, define
Ap = {itmo+---+me_y [ 1<i<m,}.

2. For1<r <gq, let G, denote the group of permutations of the set A,.

3. Define
T o= U A, x As.

1<r<s<qg
4. For1<r <gqand (i,j) € m(A,), let £,.(i,j) denote the ij-th entry of M*.
5. For 1 <r <gq, define
- (M™) == Symmy,, (v(z,7(A),&r)).

ECA 1:3 (2021) Article #S2R18 4
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6. For (i,j) € w[N], let £(i,j) denote the ij-th entry of M**.
Remark 2.2. 1. Observe that

2. For each r, the €,.(i,j) are the entries in the strict upper-triangle of the symmetric matriz M,.,..

3. We have §(z, M**) = v(z,n[N],e) and
0Z,M*) = Hv(z,w(AT),gr).

4. We have 6(z, M) = 6(z, M*) - §(z, M**).

5. For each r, we have

5.(M*) = Y o(v(z,m(A), &)

ceG,

6. The (i, j) are the entries in the strict upper-triangle of the symmetric matriz M**.

Theorem 2.1. Let the notation be as above. Assume q > 2 and of the following properties (1) - (3), either (1)
and (2) hold or (1) and (3) hold.

(1) For 1l <r < s<gq, the matriz M,s has only positive entries.

(2) For1l <r < s <gq, the positive integer b(m,, ms) = ||M,s| depends only on the ordered pair (m,, ms)
and furthermore, if m, = ms, then b(m,, ms) is an even integer.

(8) Characteristic of k is 0 and for 1 <r < s <gq, ||Ms| is even.

Also, assume that the properties (i) - (iv) listed below are satisfied.

(i) Pither m; <mj for1<i<j<gqor M*=0.

(ii) If properties (1) and (2) hold, then []?_, 6,(M*) # 0.

(iii) If property (2) does not hold but properties (1) and (3) hold, then each entry of M* is an even integer.
(iv) The least nonzero entry of the matriz M** is strictly greater than the greatest entry of the matrixz M*.
Then Symmpy (6(z, M)) # 0.

Proof. Define my = 0. At the outset, observe that a permutation o € Sy can be naturally viewed as a
permutation of 7[N] by letting o (i,5) := {0o(4),0(j)}, i.e., for (¢,5) € w[N],

i { (0(i),0(7) if oli) < o(j),
L 0G)e@) i o)) < ali).

Thus Sy is regarded as a subgroup of the group of permutations of 7[N].
For 0 € Sy and 1 < r < g, define

B.(0) == 07'(A,) = {i | 1<i< N and o(i) € A,}.

Clearly, sets B1(0), ..., By(0) partition {1,..., N} and B; has cardinality m; for all 1 <i <gq.
Define
G :={oeSy |o(ij)en forall (i,j) € m}.

For 1 < r < ¢, a permutation 0 € G, is to be regarded as an element of Sy by declaring o(i) = ¢ if
ie{l,...,N}\ A,. This way each G, is identified as a subgroup of Sy.

Given o € G and (i,j) € m(A,) with 1 < r < ¢, clearly there is a unique s with 1 < s < ¢ such that
o(i,j) € m(As). Fix a o € G. Consider i € B.(0) N A; with 1 < s < ¢q. Then for i # j € A;, we must
have {o(i),0(j)} in w(A,) and hence j € B,(c). It follows that A; C B,.(0). If 1 < s < p < ¢ are such that
A;UA, C B.(0), then an (4,5) € As x Ap is in m whereas o(¢,7) is in m(A,). This is impossible since o € G.
Thus we have established the following: given r with 1 <r < ¢ and ¢ € G, there is a unique integer (o) such

ECA 1:3 (2021) Article #S2R18 5
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that 1 <r(0) < ¢ and B,(0) = A,(s). In other words, the image sets o(A;1),...,0(4,) form a permutation of
the sets Ay,..., 4. If 1 <r < s <gqand o € G, then since (o) # s(o), we infer that

TN (Aro) X Ag(oy) # 0 if and only if r(0) < s(0).

Moreover,
Myo)y = my foralll<r <gando€G.

If the first case of (i) holds, i.e., the integers m; are mutually unequal, then we must have r(c) = r for all
1 <r <gando € G. Hence, in this case G is the direct product of (the mutually commuting) subgroups
G1,Ga,...,Gy.

Hypothesis (1) implies v(z, 7[N],e) = v(z,m,¢€). If G = G1 x G2 x --- X G, then we have

Z <H a(v(er(AT),sr))) = H <Z Q(U(Z,ﬂ(AT),ET))> .
occeG \r=1 r=1 \0eqG,

For 1 <r < g, define

W, = Z er(i,j) and w := iwi.
i=1

(i,5)em(Ar)

Our hypothesis (i) ensures that if m; = m; for some ¢ # j, then w = 0.
Now let ¢,%1,...,%4,%1,..., N be indeterminates and let

a:klz,...2n] =kt 6, .. tg 21, ., TN]
be the injective k-homomorphism of rings defined by
a(z;) = te;+t,. ifie A, withl<r<gq.
Then given o € Sy, (4,7) € 7[N] and 1 < r, s < ¢, we have
(20 () = 2o(5)) = UZo(i) = To(y) + (tr = 1s)
if and only if (o(i),0(j)) € A, x As.
Let x stand for (x1,...,zx) and T stand for (¢1,...,t,). Given f € k[t,T, X], by the z-degree (resp. T-
degree) of f, we mean the total degree of f in the indeterminates x1,...,zy (resp. t1,...,%,). Now fixaoc € G

and consider
Volx,t,T) := alo(v(z,m,e))).

For an ordered pair (¢,7) with 1 <4,5 < g, set
Afo,i,§) == 7N (Aio) X Aj(0))-
Tt is straightforward to verify that V,(z,0,T) is
H H (t, — ts)f(i,j) . H (ts — tr)a(i»j)
1<r<s<q \(i,j)€A(o,r,s) (i,7)€A(o,s,r)
Suppose condition (2) of the theorem holds. Then for 1 <r < s < ¢, we have
o 0 if s(0) < r(o),
> elig) = _
(5,§)EA(0,r,5) b(m,,ms) if r(o) < s(o).
Further, if 1 <r < s < g are such that s(o) < (o), then
Mg = Ms(q) < My(g) = My implies Mg = Mgs(g) = My(g) = My

and so, (2) ensures that b(m,,ms) is an even integer. Hence, if property (2) holds, then

Vo (2,0,T) := H (ty — tg)Plmrms),

1<r<s<gq

ECA 1:3 (2021) Article #S2R18 6
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On the other hand, if condition (3) holds, then we merely observe that there is a nonzero homogeneous g, €
Q[t1,...,t,] such that V,(z,0,T) = g2. In any case, the t-order of V,(z,0,T) is 0 (i.e., Vo(z,t,T) is not a
multiple of t) and the T-degree of V,(x,0,T) is

d:= Y e(i,j).
(i,4)em

Define

o= Z o((z,me)) and V(z,t,T) Z Vo(z,t,T).
oceG ceG

Then «(y) = V(z,t,T). If (2) holds, then letting |G| denote the cardinality of G, we have |G| # 0 in k and

#) V(@01 =G| [ @t —tobtmrm)

1<r<s<gq

and hence V(x,0,T) # 0. On the other hand, if (3) holds, then we have

V(z,0,T) ng

ceG

which is necessarily nonzero in view of Lemma 2.1. Now it is clear that «(y) # 0, the t-order of a(7) is 0 and
the T-degree of a(7) is d.
For o € Sy, define

Fo(z) = [[o(v(z,7(Ar), &) and W, (x,t,T) = [[ alo(v(z m(4,),e))).

r=1 r=1
Then W, (z,t,T) = a(Fy(2)). If &, = 0 for all r, then F,(z) =1 and hence
S (@) = [G] # 0.

e

If G =Gy x -+ x Gy, then we have

Z F,(x H <Z 0( v(z,w(AT),er))> .

ceG 0cG

Now suppose G = G1 X --- x G4. Given ¢ € G, write 0 =: 6,05 - -- 0,4, where 0, € G, for 1 <r <gq. Then
alo(v(z,m(Ar),er))) =t 0. (v(z,m(Ar), &) =t o(v(x, w(Ar), &)

and hence

W, (z,t,T) = t* Ha(v(x,ﬂ(Ar),er)) = tYF,(x).

Consequently,
q

alo(v(z,m,e))) H alo(v(z,m(4r),er))) = tYVo(x,t,T)Fy(x).

r=1

Case I: hypothesis (ii) holds. Then as proved above V,(x,0,T) is independent of the choice of o € G and
V(x,0,T) is a nonzero polynomial depending only on T. In particular, letting ¢ € Sy denote the identity
permutation, we have V,(x,0,T) # 0 and

> Vol(@,0,T)F,(x) = Vi(2,0,T) Y Fo()

oelG oelG

The sum appearing on the right of the above equation is obviously independent of ¢; moreover, hypothesis (ii)
ensures that it is nonzero and thus has t-order 0. Case II: hypothesis (iii) holds. Then V, (x,0,T) = g2 as well
as F,(x) = f2, where g, € k[T] and f, € k[x] are nonzero polynomials. In this case, Lemma 2.1 ensures that

Z Va(x707T)FJ(x) = Z(fagd)Q # 0.

ceG ceG

ECA 1:3 (2021) Article #S2R18 7
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In either case, the sum

S Vola t, T)Wo(z,t,T) = > Vo (a,t,T)Fo(x)
oelG ceG

has t-order exactly w.
Next, for 0 € Sy, let

1<r<q

Observe that 7 N R(c) = 0 if and only if o € G. Also, observe that

a20(i) = Zo(j)) = Uo(i) = To()) + (tr = 1s),
where r = s if and only if (¢, ) € R(0).
Fix a 0 € Sy \ G. Then clearly
v(z,m,e) = v(z,7[N],e) = v(z, R(0),e)v(z,7[N]\ R(c),e).
Moreover, note that
v(z,R(0),e) = v(z,mrNR(0),e) and wv(z,w[N]\ R(0),e) = v(z,7\ R(0),¢).

Define
Ao) = Y e(j) and d(o) = > e(i,j).

(i,5)€mNR(c) (i,5)€m\R(o)

Then d(o) = d — A(o). From our choice of o and hypothesis (1), it follows that A(¢) > 1 and hence d(o) < d.
Let
Po(z,t,T) := a(o(v(z,mN R(0),e))), Qo(x,t,T) = alo(v(z,m\ R(0),e))).

Observe that V,(z,t,T) = P,(z,t,T) - Qo (x,t,T),
Pz, t,T) =M [ (2o() — 2o())*?
(i,5)exnR()

and Q,(x,0,T) is a nonzero T-homogeneous polynomial of T-degree d(c). Hence the t-order of V,(x,t,T) is
exactly A(o). For 1 <r <g, let

Pz, t,T) = a(o(v(z,m(A)NR(0), ),
Nz, t,T) = alo(v(z,m(A)\ R(0),&))).

Now for 1 < r < ¢, we do have
o(v(z,m(A), &) = o(v(z,m(A) NR(0),e.)) - o(v(z,m(4) \ R(o),e))
and hence
alo(v(z,m(4,),er))) = Py)(@t,T) ~Q£f) (x,t,T).
Since m(Bs(0)) N7(By(o) =0 = 7(A,) N7(4s) for 1 <r < s < ¢, we have

q

wNR(o) = {(i,j) €7 | 0(i,j) € x[N]\ 7} = | | (wN (B (a)))

r=1

and
J = || (MA)\ B(0) = {(i.3) € 7N\ 7 | olij) € 7}

Recall that o is also viewed as a permutation of 7[N]. Hence J and mNR (o) have the same cardinality. Partition
m N R(0) into g subsets I1(0),...,I,(o) such that |I.(0)| = |7(A,) \ R(0)| for 1 <r < gq. For 1 <r < g, define

Me(0) == Z e(i,j) and eq(o) := Z er(t, 7).

(i,5)€Ir (o) (i,5)em(A)NR(a)

Then A(o) = A(0) + -+ + Ag(0), the t-order of P (x,t,T) is e,(o) and the t-order of Q((f)(x,t,T) is 0 for
1 <r < q. Consequently, the t-order of V,(z,t, T)W,(z,t,T) is
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Our hypothesis (iv) guarantees that firstly e,(o) + Ar(0) > w, for 1 < r < ¢ and secondly, since ¢ is not in
G, there is at least one r with e,(0) + A\.(0) > w, + 1. It follows that for each ¢ € Sy \ G, the t-order of
Vo (z,t, T)W,(xz,t,T) is at least w + 1.

Let Y := Symmp(6(z, M)). Then we have

T = Symmy <v(z,7r75) HU(ZJ(AT)’ST))

r=1

and hence
= Vol t, IWo(z, t, TV + > Vol t, )W, (x,t,T).
oeG c€G\SN

Since G is nonempty, the first sum on the right of the above equality is nonzero. From what has been shown
above the first sum on the right has t-order w whereas the second sum on the right has t-order at least w + 1.
Hence «(7T) has t-order w. Since w is a nonnegative integer, a(Y) # 0. In particular, T # 0. O

Remark 2.3. We continue to use the above notation.
1. Suppose M satisfies the hypotheses of Theorem 2.1 and X\ is a positive integer such that
Symma,, (8(z, AM.)) # 0

for 1 < r < q. Then AM also satisfies the hypotheses of Theorem 2.1. In general, the polynomials
Symmpy (6(z, M)) and Symmpy (6(z, AM)) do not seem to be related in any obvious manner (see the last
of the Example 2.1 below).

2. Suppose for 1 < i < s, there is a partition mY) of N with respect to which M; € E(N) satisfies the hypothe-
ses of Theorem 2.1 and let Y; := Symmy (§(z, M;)). If a(T1),...,a(Yy) are k-linearly independent, then
Yq,..., YT are also k-linearly independent. Now to ensure k-linear independence of a(Y1),...,a(Ys), it
suffices to ensure the k-linear independence of their respective t-initial forms. For simplicity, assume that
property (2) is satisfied by the M; and M} =0 for 1 <1i <s. Then from the equality (#) in the proof of
Theorem 2.1, it follows that the t-initial coefficient,i.e., the coefficient of the lowest power of t present, of
each a(Y;) is of the type e[ <, <q(tr — ts)2(mrma) for some 0 # ¢ € k. The k-linear independence of
such products is completely determined by the exponents b(m,., ms).

Example 2.1. 1. Consider the following F1, Eo, E5 € E(6) presented as 2 x 2 block-matrices.

0
Ei = cr o |
where ~
3 3 3 3 3 3 3 3 3
Ci=13 3 3|, Co:=1]13 4 3|, C3:=1]3 3 4
3 3 4 | 3 3 4 3 3 4

A direct computation using MAPLE shows that
Symme(6(z, E1)) #0, Symme(d(z, E2)) =0 and Symme(0(z, E3)) # 0.

Of course, in the case of Ev, Theorem 2.1 does apply. Since ||Cs| = 29 = ||Cs|| is an odd integer, Theorem
2.1 can not be applied in the case of Ea, E3.

2. For j=1,2, let E; € E(5,18) be presented in 2 x 2 block-format as

01 7
E; = { /;)T éj ], where B:= |1 0 1 |,
J 7 1 0

5 13 0 § 10 O
Al.—|:5 3 10:| andAg.—[2 6 10:|

Then a MAPLE computation shows that h; := Symms(6(2, E;)) # 0 for j = 1,2. Up to a nonzero integer
multiple, h1 and hy are the same; either one can be identified as the Hermite’s invariant of a quintic
binary form (see [2] or [3]). Since this invariant has weight 45, it is a skew invariant. Let M € E(9,90)
be the 2 x 2 block-matriz [M;;] such that Mqy1 = 0, Mg is the 4 X 5 matriz having each entry 18 and
Mss € {E1,E2}. Note that Theorem 2.1 is applicable and thus g = Symmg(d(z, M)) is a nonzero
invariant of a binary nonic. Also, since g has weight 405, g is a skew invariant.
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3. Let M € E(4,2) be the 2 x 2 block matriz [M;;], where M1 = 2Dy = May and Mis = 0 = Moy Let
g = Symmy(6(z,M)) and h := Symmy(6(z,2M)). Then 2M € E(4,4) and by Lemma 2.1, gh # 0.
Clearly, g and h both are invariants of a binary quartic. A computation employing MAPLE shows that g
and h are algebraically independent over k.

Lemma 2.2. Suppose d is a positive integer such that Nd is an integer multiple of 4. Then there is an explicitly
described E € E(N,d) such that each entry of E is an even integer. Moreover, if k has characteristic 0, then
g := Symmpn(§(z, E)) is a nonzero invariant (of degree d) of a binary form of degree N.

Proof. First, suppose N = 2m for some positive integer m and d is an even positive integer. Let E € E(N) be
the m x m block matrix [M;;] such that M,, := dD, for 1 <r <mand M;; =0for 1 <i < j < m. Then clearly
E € E(N,d) and since d is even, each entry of E is an even integer. Secondly, suppose N is odd and d = 4e
for some positive integer e. Our construction proceeds by induction on N. If N = 3, then let F := (2¢)Ds.
Henceforth, assume N > 5. If N — 3 is odd, then by induction hypothesis, we have an M € E(N — 3,d) such
that each entry of M is an even integer. If N — 3 is even, then by the first part of our proof we have an
M € E(N —3,d) such that each entry of M is an even integer. Now let E be the 2 x 2 block matrix [C;;] with
Cy1 := (2¢) D3, Cog := M and Cy2 = 0 = Cy;. Then clearly F € E(N,d) and each entry of E is an even integer.
In either case, provided char k = 0, Lemma 2.1 ensures that g # 0. O

Theorem 2.2. Assume that N > 3.

(i) Suppose m, n are positive integers such that n > 2 and N = mn. Let a, b be positive integers and
let d :== 2a(n — 1)+ (m — 1)(n — 1)b. Then there is an explicitly described E € E(N,d) such that
g := Symmpn(6(z, E)) is a (degree d) nonzero invariant of a binary form of degree N.

(ii) Suppose m, n, r are positive integers such thatn > 2,1 <r <mn—1 and N = 2mn —r. Given positive

integers a, b such that
2(n—1 —1)(n—1)b
c = (n Ja+ (m ) ) is an integer,
r

there is an explicitly described E € E(N,mnc) yielding a (degree mnc) nonzero invariant g :== Symmy

(6(z,E)) of a binary form of degree N.

(iii) Suppose I, m, n are positive integers such that | <m <n <l+m and N =1+ m+n. Given a positive
integer d such that each of
(m+1—n)d (l+n—m)d (m+n-—1)d

¢ =—""— bi=—">"" ¢c:=

2lm 2ln 2mn

is an integer, there is an explicitly described E € E(N,d) yielding a (degree d) nonzero invariant g :=
Symmpy (6(z, E)) of a binary form of degree N.

(iv) Suppose s is a nonnegative integer and t, u, v are positive integers such that t < 2u < 2t — 1. Then letting

N :=22tv+1) and d:= (2s+1)2u+1)(4uv+2v+1),

there is an explicitly described E € E(N,d) such that g :== Symmn(6(z, E)) is a nonzero invariant of a
binary form of degree N. Moreover, g is a skew invariant of weight w := (2s +1)(2tv + 1)(2u + 1) (duv +
20+ 1).

(v) Given E € E(N,d) such that each entry of E is strictly less than d and Symmpy(§(z, E)) # 0, a matric
E* € E(2N —1,dN) can be so constructed that g := Symmpy (§(z, E*)) is a nonzero invariant of a binary
form of degree 2N — 1.

Proof. To prove (i), let E € E(N) be the n x n block matrix [M;;], where M;; = 0 for 1 < i < n and
M;; = 2al +bD,, for 1 <i < j < n. It is straightforward to verify that £ € E(N,d) and Theorem 2.1 can be
applied to deduce g # 0.

To prove (ii), first note that mn—r > 1. Let E € E(N) be the (n+1) x (n+1) block matrix [M;;] defined as
follows. For 1 <i<n+1, M;; =0. I mn—r <m, thenfor 1 <i < j <n+1, My; is the (mn —r) x m matrix
having each entry equal to ¢ and M;; = 2al+bD,,. If m <mn—r, thenfor 1 <i <j <n+1, M;; = 2al+bDy,
and M;(,11) is the m x (mn —r) matrix having each entry equal to c. Then clearly E € E(N,d). If mn—r =m,
then m(mn — r)e = 2ma + m(m — 1)b is necessarily an even integer. Now it is straightforward to verify that
Theorem 2.1 can be employed to infer g # 0.

To prove (iii), let E € E(N) be the 3 x 3 block matrix [M,;] such that M,, = 0 for 1 <r < 3, My = M}
is the [ x m matrix having each entry equal to a, M3 = M, is the [ x n matrix having each entry equal to b
and Maz = M1, is the m x n matrix having each entry equal to c¢. By hypothesis, each of a, b, ¢ is a positive
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integer. Since d = ma + nb = la + nc = lb + mc, we have E € E(N,d). As before, it is easily verified that
Theorem 2.1 is indeed applicable in this case and hence g # 0.

To prove (iv), let m := 1, n := 4uv 4+ 2v + 1 and r := 8uv — 4tv + 4v. Clearly, n > 7 and N = 2mn — r.
Since t < 2u < 2t — 1, we have 1 <7 < n — 1. Define a := (2s 4+ 1)(2u — t + 1) and say b := 1. Then letting
¢:=(2s+1)(2u+1), we have ¢ > 3 and ¢r = (n—1)[2a+ (m —1)b]. Observe that the positive integers a, b, ¢, m,
n, r satisfy all the requirements of (ii). Thus, by taking E € E(N,d) as described in the proof of (ii), we infer
that g # 0. If w denotes the weight of g, then 2w = Nd and hence w = (25 +1)(2tv + 1)(2u+ 1) (duv + 2v + 1).
Since w is an odd integer, g is a skew invariant.

Lastly, to prove (v), suppose E € E(N,d) is such that each entry of E is strictly less than d and Symmy
(8(z,E)) # 0. Let E* be the 2 x 2 block matrix [Cy;], where C1; := 0, Caz := E and Cia = C% is the
(N —1) x N matrix with each entry equal to d. Clearly, E* € E(2N — 1,dN) and Theorem 2.1 can be applied
to infer g # 0. O

Example 2.2. We continue assuming N > 3.

1. N =de. Using (i) of Theorem 2.2 with n := 2 and m := 2e, we obtain nonzero invariants of degree d for
d=2e+1and alld> N —1. If chark =0 and d < N — 2 is even, then Lemma 2.2 yields a nonzero
imwvariant of degree d.

2. With the notation of (iii), let Y :={1<d€Z | a,b,c €Z} and

. 2lmn
Y7 ged(N — 20, N —2m, N — 2n, 2lmn)

Then it is straightforward to verify that d € Y if and only if d = sy for some positive integer s. Of
course, 2lmn € Y; but y can be strictly less than 2lmn (e.g., consider (I,m,n) := (2,5,6) or (I,m,n) :=
(9,15,21)). If I+ m+n is odd and d = 2 mod 4, then the resulting g is a nonzero skew invariant. So,
(iii) produces skew invariants for binary forms of odd degrees (in contrast to (iv)). The least value of N
for which (iii) may be used to obtain skew invariants is N = 3+ 5+ 7 = 15; whereas for the ones that
can be obtained by using (iv), it is N = 2(2-2-1+ 1) = 10. For 3-part partitions N = | + m + n with
I <m <n<l+m, by imposing additional requirements such as: (I +m — n)d is divisible by 4 if | = m
and so on, hypotheses of Theorem 2.1 can be satisfied. Assertion (iii) can be generalized for certain types
of partitions of N into 4 or more parts; the task of formulating such generalizations is left to the reader.

3. Let E € {Ey,Ey} C E(5,18), where Ey, Es are as in the second example above Theorem 2.2. For2 <n €
Z, let dn, M, € E(2" + 1,d,) be inductively defined by setting dy := 18, My := E, dpy1 := (2" + 1)d,
and where My11 := M}, is derived from M, as in (i) of Theorem 2.2. Then by (v) of Theorem 2.2,
gn = Symman41(d(z, My,)) is a nonzero skew invariant of a binary form of degree 2™ + 1 for 2 <n € Z.

Remark 2.4. Theorem 2.2 exhibits the simplest applications of Theorem 2.1. At present, there does not exist a
characterization of pairs (N,d) for which Theorem 2.1 can be used to obtain a nonzero invariant. Interestingly,
it is impossible to use Theorem 2.1 to construct invariants corresponding to certain pairs (N,d), e.g, consider
(N,d) = (5,18): an elementary computation verifies that Hermite’s invariant of a binary quintic can not be
constructed via Theorem 2.1. A ‘good’ generalization of Theorem 2.1, if it exists, should repair this failing.

3. Enumeration of a class of Semi-invariants

In what follows, we use the results of the previous section to build a family of linearly independent semi-invariants
of certain weights and degrees. Our construction allows explicit enumeration of these semi-invariants.

Definition 3.1. Let n, s be a positive integers.
1. Let < denote the lexicographic order on Z°+1.

2. For a:= (a1,...,a541) € Z°%, let |a| := Z:ill a; and

1 s+1
wt(n, ) = 5 lnz — (Z af)] .

3. Define p(s,n) := (p1(s,n),...,0s+1(s,n)) € Z5TL, where

n—3 1cici1Pi (s+1—3) )
pi(s,n) = L 3+_2:]j _ 5 for1 <j<s+1.
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4. Let w(s,n) := wt(n, p(s,n)).

5. By 3(s,n) we denote the set of all o := (aq,...,asy1) € Z5F such that a1 < az < -+ < asy1 and |a| = n.
Let P(s,n) be the subset of S(s,n) consisting of (a1, ...,as11) € S(s,n) with a; > 1.

6. For (i,j) € Z* with 1 <i < j <s+1, let n(i,5) := (N1,...,Msx1) where n. =0 if r #i,5, n; = 1 and
nj = —1. An (s+ 1)-tuple 3 is said to be an elementary modification of o € Z*T' provided 3 = a+n(i, j)
for some 1 <i<j<s+1. An (s+1)-tuple B is said to be a modification of o € Z5+L if there is a finite
sequence o = a, ..., q, = [ such that oy is an elementary modification of a;_1 for 2 <i <r.

Lemma 3.1. Fiz positive integers n, s and let e be the integer such that

5(5;1) LZl;J(lee.

Let p(s,n) = (p1,...,0s+1)- Then, the following holds.
(i) We have

Pt ifs+2—e<j<s+1
In particular, p(s,n) € S(s,n). Moreover, if (s +1)(s+2) < 2n, then p(s,n) € P(s,n).

» {p1+j—1 ifl<j<s+1-—e, and
j:

(ii) We have

G+ D)(s+2) | n s|?
wln) = 2 s+1 2

+(s+1)2(s+2)—2n(s+2) n_os

2 s+1 2
+3(s + 1% +2(s+ 1) = 3(1 +4n)(s + 1) — 2(1 + 6n)(s + 1) + 24n?
24 '

(iii) Let o := (a1,...,0s41) € S(s,n). Then, a = p(s,n), p(s,n) is a modification of o and
Z aa; = wt(n,a) < w(s,n).
1<i<j<s+1

(iv) P(s,n) #£ 0 if and only if

{V&H—l—lJ
s < f — 1.

(v) Suppose s > 2, (s+1)(s+2) < 2n and p1 + e = bs+ d where b, d are nonnegative integers with d < s — 1.
Then, letting p(s —1,n) := (q1,-..,qs), we have ¢ = p1 +b+ 1 and

1
w(s,n) —w(s—1,n) = pi(s+1—e)+bd(s+1)+ ib(b —1Ds(s+1).
In particular, 1 > p1 and w(s,n) —w(s—1,n) > 2py. If p1 =1, then 2 < ¢1 < 3 and 2 < w(s,n) —
w(s—1,n) <s+2.

(vi) Suppose s > 2, (s+ 1)(s +2) < 2n and let v(s,n) = (v1,...,vs) where v; == i for 1 < i < s and
vs =n— (1/2)s(s +1). Then, v(s,n) < a and wt(n,v(s,n)) < wi(n,a) for a € P(s,n).

Proof. Note that 0 < e < s and hence s+1—¢e > 1. Suppose 1 < j < s+ 1—eissuch that p, =p; +i—1 for
1 <14 < j. Then,

JG—1) —s(s+1)—2e+(s—j)(s+1—3)
bt {pl_ 2s+1- ) J

{p1+j+

e
s+1—75]"
Ifj<s+1—e, thene <s+1—jand hence pj1 =p1+3j. f j =s+1—¢, then pjy1 =p1 +j+ 1. Next
suppose (i) holds for some j with s +2 — e < j < s. Then,

_ JG—1) —s(s+1D)+2(j+e—s—1)—2e+ (s —j)(s+1—j)
A {pl - 25 +1—J) J
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= pt+j+1L

Clearly, p1 < p2 < -+ < pst1 and if (s+1)(s+2) < 2n, then p; > 1. Also, |p(s,n)| = p1(s+1)+[s(s+1)/2]+e =
n. Thus (i) holds.
Let u(X),v(X) € Z[X] be defined by

s+1
o(X) = [IX+pi+5) = (X +pi+5+1-euX).
§=0

Then, w(s,n) is the coefficient of X*~1 in u(X). The coefficient of X® in v(X — py) is

Wy (3s+5)(s+2)(s+1)s
2<Zl) D 31 '

=0

Now a straightforward computation verifies (ii).

Obviously, wt(n,a) < n? for all a € S(s,n). If 3 € J(s,n) is an elementary modification of o =
(a1,...,a5+1) € S(s,n), then note that wt(n,S) > wt(n,a). Hence o has a modification v € J(s,n) that
is ‘final’ in the sense that no member of (s, n) is an elementary modification of v. Fix such v := (vy,...,vs41)-
If 1 <i<s+1issuch that v;y1 > v; + 2, then v + n(i,i + 1) € (s, n); this contradicts our assumption about
v. S0, v; +1 < w41 <wv;+2forall 1 <i<s. If there are 1 <i < j < s+ 1 such that v;41 = v; + 2 as well as
vj+1 = v; + 2, then v+ (4, j) € S(s,n); an impossibility. Hence a;11 = a; + 2 for at most one ¢ with 1 <7 <'s.
Consequently, n = |v| = (s+1)v1 + (s+1—35) +[s(s+1)/2] for some j with 1 < j < s+1. Clearly, j = s+1—e
and in view of (ii), we have v = p(s,n). Thus p(s,n) is a modification of . In particular, wt(n,a) < w(s,n)
and « < p(s,n). The equality displayed on the left in (iii) readily follows from the definition of wt(n, ). Thus
(iii) holds.

Assertion (iv) is simple to verify. To prove (v), assume s > 2 and let p; + e = bs + d where b, d are
nonnegative integers with d < s — 1. Consequently, ¢ = p1 + b+ 1 > p;. Using (ii) w(s,n) — w(s — 1,n) can
be computed in a straightforward manner. If e < s — 1, then w(s,n) — w(s — 1,n) is clearly > 2p;. If e = s,
then we have b > 1 and since (b — 1)s = p; — d,

w(s,n) —w(s—1,n) > p1 (1 + %b(s + 1)) > 2p;.

If py = 1, then since 0 < e < s and s > 2, we have 0 < b < 1. If e < s — 2, then b = 0 and hence ¢; = 2,
w(s,n)—w(s—1,n) =s+1—e < s+1. Ife=s—1,thenb=1,d = 0 and hence ¢; = 3, w(s,n)—w(s—1,n) = 2.
Lastly, if e = s, then b = 1 = d and hence ¢; = 3, w(s,n) — w(s — 1,n) = s+ 2. This establishes (v). The proof
of (vi) is left to the reader. O

Lemma 3.2. Let m,n,t € Z and (by,...,by) € Z™ be such that m > 1, n>1, b1+ -+ by =t and b; >0
for 1 <i<m. Let t = gn +r, where q, r are integers with ¢ > 0 and 0 < r < n. Then, there exists an m X n
matriz A = [a;;] satisfying the following.

(i) 0<a;; €Z for1<i<m,1<j<nand|A|=t.

(ii)

Ay _ e+l if1<j<rand
cj(A) ~T’J(A){q ifr+1<j<n.

(iii) r;(A) =b; for 1 <i<m.

Proof. Let t = qn + r, where ¢, r are integers with ¢ > 0 and 0 < r < n. Our proof proceeds by induction on
m. If m =1, thenlet a;; :=¢+1if1 <7 <randay;:=gqifr+1 < j < n. Henceforth suppose m > 2 and
bm = In + p where ¢, p are integers with £ > 0 and 0 < p < n.

Case 1: p < r. By our induction hypothesis there is an (m — 1) x n matrix [a;;] such that 0 < a;; € Z
forl <i<m-land1 <j<n [|[A] =t —by, arj+ -+ am-1); =qg—L+1for 1 <j<r—p,
ayj+- -+ am-1); =q—Llforr—p+1<j<nanda;+- - +ayu=>b for 1 <i<m—1. Define ay,; := ¢ for
1<j<r—p,amj:=~L+1forr—p+1<j<rand ap;:=/Lforr+1 <5 <n. Then, the resulting m x n
matrix [a,;] is clearly the desired matrix A.

Case 2: p > r. At the outset observe that » <n +r — p < n. As before, our induction hypothesis ensures the
existence of an (m — 1) X n matrix [a;;] such that 0 < a;; € Zfor 1 <i<m—1land1<j<mn, [|A]| =t— by,
ajj+- ot agmoyj=q—Lior 1<j<n+r—pay+--+amoy;=q—C—1forn+r—p+1<j<nand
ajn + -+ apm =b; for 1 <i <m—1. Define ap,j ;=0 +1for 1 <j<r,ap;:=Lforr+1<j<n+r—pand
Apmj =0+ 1for n+r—p+1<j <n. Then, the resulting m x n matrix [a,;] is the desired matrix A. O
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Definition 3.2. Let n and w be positive integers.

1. Define
V8n+1-1
B(n) = — |
2. For an integer s with 1 < s < (n) —1 and an a:= (mq,...,msy1) € P(s,n), define
(s =14w—wt(n,a)
v(w,a) = ( .1 )
and
n—14w—wt(n,a) if mp =1,
d(w,a) = n—1+w—wt(n,a) if w=1+wt(n,a),

n—my+1+ [%ﬁnﬁ)-‘ otherwise.

3. Let v(w,s,n) :=v(w,p(s,n)) and d(w, s,n) = d(w, p(s,n)).

Theorem 3.1. Assume that N is an integer > 3 and k is a field of characteristic either O or strictly greater
than N. Let F be the generic binary form of degree N (as in the introduction). Let s be an integer with
1<s<BN)—1andlet a:= (my,...,msy1) € P(s,N). Let m := my and let w be an integer such that
0 := w — wt(N,a) > 1. Then, for a positive integer d > d(w,a), there exist v(w,a) k-linearly independent
semi-invariants of F' of weight w and degree d.

Proof. Fix an ordered s-tuple (01, ...,05) of nonnegative integers with
014+---+0s = 0.

Since # > 1, using Lemma 3.2 we obtain an s x m matrix B* := [b;-*j] having nonnegative integer entries such
that r;(B*) =6; for 1 <4 < s and

6/m] < en(BY) < - < er(BY) = [0/m].

Let u be the greatest positive integer such that ¢, (B*) > 1 and let v be the least positive integer with b}, > 1.
Define an s x m matrix B := [b;;] as follows. If w =1 (in particular, if m = 1), let B = B*. If u > 2, then let
bij = bj; for (i,7) # (v,1), (v,u), let by, := by, — 1 and let b,y := by; + 1. Then, B has nonnegative integer
entries, r;(B) = 0; for 1 <i < s,

c1(B) = min{1+ [8/m], 6}, and
10/m] —1 < ¢;(B) < [0/m], for2<j<m.

Using Lemma 3.2 again, we obtain matrices Ay, ..., A; with nonnegative integer entries such that

(1) A; has size m x myqq for 1 <1 <s,
(2) ri(A4)=byfor1 <l<s, 1<i<mand
(3) [6i/m]| <cj(A) <cj—1(4) < [0 /m] for 2 < j < myyq.

Clearly, || 4;|| = 6, for 1 <1 < s. Furthermore, we have

(4) ri(A1) + - +71(As) =min {1+ [6/m], 6}, and
(5)  ri(A) 4+ +7ri(4s) < [0/m] for 2 <i < m.

Let I denote a matrix (of any chosen size) having each entry 1. Let M := [M;;] be an (s + 1) x (s + 1) block-
matrix such that Mj; is the transpose of M;; for 1 < ¢ < j < s+ 1, and the block M;; is a m; X m; matrix
defined by

0 =7,
Mij = ]I-’-Aj,l le:1<]SS+1,
I if2<i<j<s+l

Let M’ denote the (N — 1) x (N — 1) matrix obtained from M by deleting the first row as well as the first
column of M. Then, M € E(N) and M’ € E(N — 1). Also, in view of properties (1) - (5), it is straightforward

to verify that
r(M) = dlw,a) > r(M) for2<i<N,
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and each of M, M’ satisfies requirements (1), (2), (i) - (iv) of Theorem 2.1. Hence letting ¢(6y,...,0s) :=
Symmpy (6(z, M)), we have ¢(b1,...,05) # 0 as well as Symmpy_1 (6(z,M")) # 0. Observe that the
coefficient of zf(w’a) in@(6y,...,0s)is the symmetrization of §(2’, M) where 2z’ := (22,...,zy). Since Symmpy_;
(6(z,M")) # 0, we conclude that the z;-degree (and hence also each z;-degree) of ¢(61,. .., 0s) is exactly d(w, a).
Let a be the k-monomorphism employed in Theorem 2.1. Then, as noted in no. 2 of Remark 2.3, the t-initial

coefficient of a(¢(61,...,0)) is a nonzero constant (i.e., element of k) multiple of
’17(91, ey 6‘5) = H (tl — tj+1)97 H (ti — tj)m'imj.
1<5<s 1<i<j<s+1

The set of all 5(6,...,0) ranging over the allowed choices of s-tuples (61,...,0;), is clearly a k-linearly
independent subset of k[t1,...,ts+1]. Hence the corresponding set S(6) of ¢(61,...,0,) is also a k-linearly
independent subset of k[z1,...,zn]|. Of course S(0) C k[y1,...,yn—1] C kle1,...,en] (where y1,...,yny—1 and
€1,...,en are as in the introduction). Given ¢ € S(f), we homogenize ¢ to get a homogeneous polynomial
of degree d(w,a) in ag,...,ayn as in the introduction. In this manner we obtain a k-linearly independent set
S(0) of semi-invariants of F' of degree d(w,a) and weight w. Obviously, [S(0)| = |S(0)| = v(w,a). Letting
v:=d — d(w,a), it follows that the set {ajo | o € S(A)} is also k-linearly independent. O

Example 3.1. Here we consider the case of 3 < N < 7. It is essential to point out that the lower bounds proved
in [4], [12], [19] assume N > 8. To the best of our knowledge, there is nothing in the existing literature with
which we can compare the bounds in examples below.

1. If N =3, then s =1 and w(1,3) = 2. In this case, Theorem 3.1 implies that for 0 < n € Z, there exists
a nonzero semi-invariant (of a binary cubic form F) of weight 2 +n and degree at least 2 + n.

2. If N =4, then s =1 and w(1,4) = 3. In this case, Theorem 3.1 implies that for 0 < n € Z, there exists
a nonzero semi-invariant (of a binary quartic form F) of weight 3 + n and degree at least 3 + n.

3. If N =5, then s =1 and w(1,5) = 6. In this case, Theorem 3.1 implies that for 0 < n € Z, there exists
a nonzero semi-invariant (of a binary quintic form F) of weight 6 +n and degree at least 4+ [n/2]. Note
that for the partition 1 < 4, we can use Theorem 2.1 to verify the existence of a nonzero semi-invariant of
weight 44+n and degree at least 4 +n. So, we obtain two k-linearly independent semi-invariants of weight
6 + n and degree at least 6 + n.

4. Assume N =6. Then1 < s <2, w(1,6) =8 and w(2,6) = 11. Taking s = 1 in Theorem 3.1, we infer the
existence of a nonzero semi-invariant (of a binary sextic form F') of weight 8 +n and degree at least 8 +n
for all0 <n € Z. Next, taking s = 2, Theorem 3.1 ensures the existence of 5+ n k-linearly independent
semi-invariants of weight 16 + n and degree at least 10 +n for all 0 < n € Z.

5. Assume N =7. Then1<s <2, w(1,7) =12 and w(2,7) = 14. Letting s =1 in Theorem 3.1, we obtain
a nonzero semi-invariant (of a binary heptic form F) of weight 12 + n and degree at least 5+ [n/3] for
0 <ne€Z. Using Theorem 2.1 for the partition 2 < 5, we infer the existence of a nonzero semi-invariant
of weight 10 + n and degree at least 6 + [n/2] for all 0 < n € Z. Letting s = 2 in Theorem 3.1, we
deduce the existence of 5 + n k-linearly independent semi-invariants of weight 18 +n and degree at least

54 [(n+4)/3] for all0 < n e Z.

Remark 3.1. Let N, w and d are positive integers. Let

PP(N,w,d) := {4 - (min{2w, d*, N?}) 7 -2vmiﬂ{2wxd2’N“‘}w .
1000

If min{N,d} > 8 and w < Nd/2, then by Theorem 1.2 of [12], there are at least PP(N,w,d) k-linearly

independent semi-invariants (of a binary N-ic form F) of degree d and weight w. Observe that for (w,d) with

w > N?/2 and d > N, the bound PP(N,w,d) is independent of (w,d) (i.e., depends only on N ). In contrast,

the lower bound v(w,a) is a polynomial of degree s — 1 in w. The reader may wish to make similar comparison

with results of [4].

Example 3.2. Let v(w,N) := v(w,8(N) — 1,N). Consider the case of N = 15. Note that B(N) = 5 and
P(4,15) = {p(4,15)}. We have w(4,15) = 85 and p1(4,15) = 1. Let v(w) := v(w,4,15). Then, Theorem 3.1
ensures that for 0 < n € Z, we have at least v(85 + n) k-linearly independent semi-invariants of weight 85 + n
and degree d > 14 +n. Observe that 2(85 +n) < (14 +n)? for n >0, N? = 225 < 2(85 +n) for n > 28 and

1 . 11
v(85+n) = (3;72) = 8n3+n2+€n+1 forn > 0.

ECA 1:3 (2021) Article #S2R18 15



Shashikant Mulay

A straightforward computation verifies that PP(15,85+n,d) =1 < v(85+n) for alln >0 and d > 14+ n. Let
semdim(w,d, N) denote the dimension of the k-vector space of semi-invariants (of our N-ic form F) of weight
w and degree d. Assume k has characteristic 0. Then, in the notation of the introduction, semdim(w,d, N) is

Puw(N,d) — py—1(N,d) := the coefficient of ¢* in (1 —q) (N + d) .
q

d

The table below presents a MAPLE computation of v(85 + n) and semdim(85 + n,14 + n,15) (denoted by
semdim) for a small sample of values of w.

w | v(w) | semdim w | v(w) semdim

95 | 286 | 1020697 125 | 12341 | 25995316
105 | 1771 | 4232793 135 | 28426 | 54621351
115 54566 | 11374824 145 89711 | 108639772

Let s =3 and a :==v(3,15) = (1,2,3,9). Then, for integers n > 0, we have v(65+n,a) = (1/2)(n+2)(n+1)
and d(65 + n,a) = 14 + n. At the other extreme, if a = p(3,15), then w(3,15) = 80 and p1(3,15) = 2.
So, v(80 +n,3,15) = (1/2)(n + 2)(n + 1) and d(80 + n,3,15) = 14+ [n/2] for all n > 0. Thus for weights
65 < w < 80, our lower bound is for degrees > w — 1; whereas, for weights w > 80 our lower bound is for
degrees > 14+ [(w—80)/2]. If s = 2, then w(2,15) = 74 and p1(2,15) = 4. Hence v(7T4+n,2,15) =n+1 and
d(74 4 n,2,15) = 12+ [n/4] for alln > 0. For s =1, we have w(1,15) = 56 and p1(1,15) = 7. Consequently,
v(56 +n,1,15) =1 and d(56 + n,1,15) = 9+ [n/7].
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