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ABSTRACT: The concepts of symmetric and asymmetric peaks in Dyck paths were introduced by Flérez and
Ramirez, who counted the total number of such peaks over all Dyck paths of a given length. Elizalde generalized
their results by giving multivariate generating functions that keep track of the number of symmetric peaks and
the number of asymmetric peaks. Elizalde also considered the analogous notion of symmetric valleys by a
continued fraction method. In this paper, mainly by bijective methods, we devote ourselves to enumerating
the statistics “symmetric peaks”, “asymmetric peaks”, “symmetric valleys” and “asymmetric valleys” of weight
k+1 overall (partial) Dyck paths of a given length. Our results refine some consequences of Flérez and Ramirez,
and Elizalde.
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1. Introduction

A free Dyck path of length 2n is a lattice path from (0,0) to (2n,0) in the XOY -plane and consists of up steps
u = (1,1) and down steps d = (1, —1). It is known that the set of free Dyck paths of length 2n is counted by
P, = (27:‘), which has the generating function

P(z) = n%:o (2:) 2 = ﬁ (1)

A Dyck path of length 2n is a free Dyck path of length 2n that does not go below the X-axis. See [19, p.204]
and [5]. Let D,, be the set of Dyck paths of length 2n. It is well-known [18] that |D,| = C,, = %ﬂ (*™), the nth
Catalan number, has the generating function

1—+v1—4x

C(z) = Z C,z" = o

n>0

with the relation C(z) = 1+ 2C(x)? = ﬁc(z)
A partial Dyck path of length 2n — k is the prefix of a Dyck path from (0,0) to (2n — k, k). Let D, be

the set of partial Dyck paths of length 2n — k. It is known that |Dy, x| = Cy 1 = % (Q"n_k) has the generating
function

k+1/2n—k
k k+1 n __ n
280 (x)" = nik Chpx™ = nik 1 ( . )J; . (2)

In fact, the martix (Cn,k)
Table 1.

Recall that Riordan array [12-14] is an infinite lower triangular matrix 2 = (dy, i )n ken such that its k-th
column has generating function d(z)h(z)*, where d(z) and h(x) are formal power series with d(0) = 1 and
h(0) = 0. That is, the general term of 2 is d,, ; = [z"]d(x)h(z)*, where [2"] is the coefficient operator. The
matrix & corresponding to the pair d(x) and h(x) is denoted by (d(x), h(z)). A Riordan array 2 = (d(x), h(z))
is proper, if h'(0) # 0 additionally.

n>E0 forms a Riordan array (C(z),xC(z)), the first values of C,, j, are illustrated in
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n/k[ 0 1 2 3 4 5 6 7
0 | 1

11 1

2 | 2 1

3 /5 5 3 1

4 14 14 9 4 1

5 42 42 28 14 5 1

6 | 132 132 90 48 20 6 1
7 1420 429 297 165 75 27 T 1

Table 1: The first values of Cp,

Let e be the empty path, that is a dot path. If P; and P, are (partial) Dyck paths, then we define P, P, as
the concatenation of P; and P, and define P; as the reverse path of P;. For example, P, = uuduuddd and
P, = uudd, then P, P, = uuduuddduudd and P; = uuuddudd.

A point of a (partial) Dyck path with ordinate ¢ is said to be at level £. A step of a (partial) Dyck path is
said to be at level £ if the ordinate of its endpoint is £. By a return step we mean a d-step at level 0. Dyck
paths that have exactly one return step are said to be primitive. A peak (valley) in a (partial) Dyck path is
an occurrence of ud (du). By the level of a peak (valley) we mean the level of the intersection point of its two
steps. A pyramid in a (partial) Dyck path is a section of the form ud”, a succession of h up steps followed
immediately by h down steps, where h is called the height of the pyramid. A maximal mountain of a (partial)
Dyck path is a maximal subsequence of the form u’d’ for 4, > 1. Note that a maximal mountain contains a
unique peak and vice versa. A peak is symmetric (asymmetric) if its maximal mountain u'd’ satisfies i = j
(i # 7), and it is left asymmetric when ¢ > j and right asymmetric when i < j. The weight of a peak is defined
to be min{i,j} when its maximal mountain is u’d’. The corresponding concepts to valleys of (partial) Dyck
paths are defined similarly. See Figure 1 for detailed illustrations.

Figure 1: A Dyck path of length 26 with three symmetric peaks and two symmetric valleys of weight 1, one symmetric
peak and one symmetric valley of weight 2, two left and one right asymmetric peaks of weight 1, one right asymmetric
peaks of weight 2, one left and three right asymmetric valleys of weight 1.

In the literature, there are many papers dedicated to statistics of Dyck paths (words), see [1-11], [15,16] and
the references therein. Recently, Fléres and Ramirez [8] find a formula for the total number, sp(n), of symmetric
peaks over all Dyck paths of length 2(n 4 1), as well as for the total number, ap(n), of asymmetric peaks over
all Dyck paths of length 2(n + 3). Elizalde [6] obtains a trivariate generating function that enumerates Dyck
paths with respect to the number of symmetric peaks and the number of asymmetric peaks. His method gives
a more direct derivation of the generating function for sp(n) and ap(n). Namely,

> splna” = o (14 {1 _5;;11—%> -7 (1 i) ¥

n>0

w1 1-3z _ 20(x)?
;ap(n)x T2 ((1 PR 1) = (1—2)Vi_dz @
The sequence sp(n) reads 1,3, 8,23, 72,240, 834,2979, 10844, 40016, . . ., and ap(n) reads 2,12, 54, 222, 882, 3456,
13466, 52362, ... for n > 0.

Elizalde [6] also deals with the related notion of symmetric valleys, originally suggested by Deutsch [5],
phrased in terms of pairs of consecutive peaks at the same level. By a continued fraction method, he deduces
a simple generating function for the total number, sv(n), of symmetric valleys over all Dyck paths of length
2(n+2). That is

2 C(x) 1

7;)5‘7(”)93 B 1 -3z —4224+ (1 —2)V1 -4z - V1—dx1—22C(x)*

(5)

The sequence sv(n) reads 1,3, 11,40, 148, 553,2083, ..., see A014301 in [17].
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In this paper, mainly by bijective methods, we enumerate the statistics “symmetric peaks”, “asymmetric
peaks”, “symmetric valleys” and “asymmetric valleys” of weight k + 1 overall (partial) Dyck paths of a given
length.

2. Symmetric and asymmetric peaks with weight k + 1
in Dyck paths

2.1 Symmetric peaks with weight k£ + 1 in Dyck paths

In this subsection, we concentrate on the symmetric peaks with weight k£ + 1 in Dyck paths.
Let Sy, denote the set of Dyck paths of length 2(n + 1) having a distinguished symmetric peak with weight
k+1. Set Sy, k = |Sn,k|, which is the total number of symmetric peaks with weight & + 1 in Dy, 41.

Lemma 2.1. There exists a bijection between the sets S, i and Snyjr1; for j > 1.

Proof. Given a Dyck path P € S, with a distinguished symmetric peak u**1d**!  insert a pyramid u’d’
at the top of the distinguished symmetric peak to form the distinguished symmetric peak uf+7+t1d*+i+1 the
resulting Dyck path P’ is in Sp4j k-

Conversely, for any P’ € S, 4 r+; with a distinguished symmetric peak u**7+1d*+i+1 remove the sub-path
u/d’ to produce a Dyck path P € S, with the distinguished symmetric peak uf*td*+!. O

Let F, 1 denote the set of pairs (F, D), where F' is an empty path or a free Dyck path starting with a ud
and D is a partial Dyck path ending at level k such that the length sum of F' and D is 2n — k. When k=0, D
is naturally a Dyck path including the empty case. Let F,, j, = |Fy, k|- Then by (1), (2) and the expansions

g(zn:r>xn _ % -

it is easy to deduce that

n T
Fk(x) = gkaI‘ = .’Ifk(l + ﬁ)C(Z‘)k+l

and

B = e (14 22 ) o = (e 5o) (1) 7)

forms a Riordan array (C(z)(1 + \/lfTw),xC(x)). The first values of F,

The triangle F = (Fn,k-)
are exhibited in Table 2.

n>k>0

n/k] 0 1 2 3 4 5
0 | 1

1] 2 1

2 | 5 3 1

3 015 9 4 1

4 |49 29 14 5 1
5 | 168 98 49 20 6 1

Table 2: The first values of F;, j

Theorem 2.1. There is a bijection between the sets S, o and F, 0.

Proof. Given a Dyck path @ € S, ¢ with a distinguished symmetric peak ud, when ud is at level 1, that is,
@ = Piud(@,, where P;, ()1 are Dyck paths. Then there are two cases to be considered. The first is that P; is
an empty path, we define ¢(Q) = (¢, Q1) € Fn 0. If not, then P, = uP>d, we define ¢(Q) = (udPo, Q1) € Frp.
Note that P» is a free Dyck path above the line y = —1.

When the distinguished symmetric peak ud of @ is at level k > 2, Q can be uniquely partitioned into
Q = Q2P;duduPr@q, where Pidudub is a primitive Dyck path and @1,Q2 are Dyck paths. Then define
d(Q) = (udPQ2P1, Q1) € F 0. Note that P, ends with a d step and Q21 begins with a u step, P,Q2P; is
a free Dyck path such that the intersection of P, and Q2 P; forms a leftmost lowest valley at the level —k and
the intersection of P,@Qs and P; also forms a rightmost lowest valley at the level —k.
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Conversely, the inverse map of ¢ is constructed as follows. For any (P, Q1) € Fp,0, when P; is empty, then
define ¢~1(g,Q1) = udQ1, we get a Dyck path Q = udQ; € S,, o such that Q starting with a symmetric peak ud.
When P; = udP; such that P, is a free Dyck path above the line y = —1, then define ¢~ (P;, Q1) = uP,dudQ),
we get a Dyck path @ = uPodudQ; € S,, ¢ such that the distinguished symmetric peak ud of @ is at level 1
and not at the beginning of . When P; = ud P, such that P is a free Dyck path with the lowest valley at the
level —k for k > 2, according to the leftmost and rightmost lowest valleys (which have the same level —k), P,
can be uniquely written as P, = P3Q2 P4, where Q5 is the Dyck path between the leftmost and rightmost lowest
valleys of P,. Then define ¢~ 1(P,Q1) = Q2PyduduP3Qq, we get a Dyck path Q = Qo PyduduP3Q; € S0
such that the distinguished symmetric peak ud of @ is at level k > 2. O

Figure 2: An example of the bijection ¢ described in the proof of Theorem 2.1.

In order to give a more intuitive view of the bijection ¢, we present a pictorial description of ¢ for the case
@ = uduuuduudududuuddddudduudd € Si2 and ¢(Q) = (udduuddddudduduuuduu, uudd) € Fizp.

See Figure 2 for detailed illustrations.
Let Sp(x) = >, <) Snxz™, then So(z) = Fy(z) by Theorem 2.1, and Sk(z) = 2%Sy(x) by Lemma 2.1.
Together with (7), we have

Corollary 2.1. The generating function

Sk(x) = Z Sy gz = z*C(x) (1 + \/%W)’

n>k

and the triangle S = (Sn,k)n>k>0 forms a Riordan array (C(xz)(1 + \/ﬁﬁ),m) with the general entry Sy ), =
#Cnfk, forn >k and Sn’n =1 forn>0.

The first values of .S, ;, are shown in Table 3.

nk] 0 1 2 3 4 5
0 | 1
12 1
2 |5 2 1
3 015 5 2 1
4 |49 15 5 1
5 168 49 15 5 2 1

Table 3: The first values of S, i

Naturally, the total number sp(n) of symmetric peaks is the row sum of the triangle S, i.e.,

n

i+ 3
sp(n):lJrZZ—g C;

i=1

and has the generating function given by (3).
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2.2 Asymmetric peaks with weight £ + 1 in Dyck paths

In this subsection, we consider the left asymmetric peaks with weight k+1 in Dyck paths. The right asymmetric
peaks are equivalent distribution to the left asymmetric peaks according to the symmetry of Dyck paths.

Let £, ; denote the set of Dyck paths of length 2(n + 3) having a distinguished left asymmetric peak with
weight k + 1. Set L, = |Ly x|, which is the total number of left asymmetric peaks with weight k + 1 in D, 3.

Lemma 2.2. There exists a bijection between the sets Ly, j, and Ly ;45 for j > 1.

Proof. Similar to the proof of Lemma 2.1, the bijection can be constructed if one notices that a distinguished left
asymmetric peak uf+tit1d 1 of P € L, . for certain i > 1 can be extended to a distinguished left asymmetric
peak uFtHitldktitl of Q € L£,,4 x4, by inserting a pyramid u/d? at the top of u*+*+1d**1 and vice verse. O

Let &, denote the set of pairs (F, D), where F' are free Dyck paths and D are partial Dyck paths ending
at the level k such that the length sum of F and D is 2n — k. Let E,, ;, = |Ey k|- Then by (1), (2) and (7) it is
easy to deduce that

ka(x)k'H

Ey(z) = Z Ey g = ————
et V1—4x

and

En,k = [gjn]

*C(@)M <2n —k+ 1)' -

V1—4zx n—=k

The triangle E = <E"7k)n2k20 forms a Riordan array ( C;(jﬁix , Z‘C(JZ)) The first values of E, j are displayed
in Table 4.

n/k| 0 1 2 3 4 5
0 1
1 3 1
2 10 4 1
3 35 15 5 1
4 126 56 21 6 1
5 1462 210 8 28 7 1

Table 4: The first values of E,, j,

Theorem 2.2. There is a bijection between the sets L, o and E, 2.

Proof. Given a Dyck path Q € £, o with a distinguished left asymmetric peak u/™2d at level i + j + 2 for
certain 7,j > 0, @ can be uniquely partitioned into

1w/ 2du@3dQ,dQs, when i = j =0,
0 Q1w 2duQ;dQ.dQ h 0
| @ 2duQ3dQ,dQsdQs, when i+ j > 1,

where @3, Q4 and Q5 are Dyck paths, ()1 is empty or a nonempty partial Dyck path ending with a d step at
level i, and @, is a partial Dyck path ending at level i +j — 1 > 0.

In the i = j = 0 case, ()1 is always a Dyck path, we define ¢(Q) = (Q1, QsuQ4uQs) € Ept2 2.

In the i + j > 1 case, we define p(Q) = (Q2dQ v/, QsuQ,uQ)3) € E,4+22. Note that Q; always begins with
a u step and ends with a d step if it is not empty, and Q>dQu’ is a free Dyck path with lowest valleys at the
level —(i + j) < —1 such that the leftmost lowest valley is the intersection of Q2d and Q;u’.

Conversely, the inverse map of ¢ is constructed as follows. For any (P1, Py) € E,42,2, where Py = PsuP,juPs
and Ps, Py, P5 are Dyck paths. When P; is a Dyck path, then define o= !(Py, P,) = Piu2duP3dP,dPs, we get
a Dyck path Q = Piu?duP;dP,dP; € Ly, 0 such that @ has a distinguished left asymmetric peak u?d at level
2.

If P, is a nonempty free Dyck path with the lowest valley at the level —k for & > 1, according to the leftmost
lowest valley and the last maximal subpath u/ of P;, P; can be uniquely written as P; = Q2dQ,u’ for certain
j > 0, where the intersection of Q2d and Qu’ forms the leftmost lowest valley of P;. Note that Q; is a partial
Dyck path ending at level i for certain i > 0 and @, is a partial Dyck path ending at level i + j — 1, once
i =0, then j > 1. The maximality of the subpath u’/ implies that once Q; is not empty, then it ends with a
d step. Then define ¢~ 1 (P, P») = Q = Q1w 2duP3d Py d P;dQ2, we get a Dyck path Q € £, o such that the
distinguished symmetric peak u/*2d of Q is at level 4 + j + 2 > 3. O

ECA 2:3 (2022) Article #S2R24 5
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In order to give a more intuitive view of the bijection ¢, we present a pictorial description of ¢ for the case

Q = uduuudu?duuddududddudduudd € L1 and ¢(Q) = (udduuddduduuud, uududuud) € &125. See
Figure 3 for detailed illustrations.

T

© uududa ud ),
NGRS A N e

Figure 3: An example of the bijection ¢ described in the proof of Theorem 2.2.

Let Ly(z) = Y., <1 Lnkx™, then Lo(z) = Eo(z) by Theorem 2.2, and Ly(z) = 2¥Lo(z) by Lemma 2.2.
Together with (8), we have

Corollary 2.2. The generating function

k 3
x"C(x)
Li(z) =) Lpja" = ———=,
Sk v1—4dx
and the triangle L = (L”’k>n>k>0 forms a Riordan array (%Jﬁ) with the general entry

Lo <2n2k+3>'
’ n—=k

The first values of L, j, are demonstrated in Table 5.

n/k| 0 1 2 3 4 5
0 1

1 5 1

2 | 21 5 1

30 84 21 5 1

4 | 330 8 21 5 1
5 /1287 330 84 21 5 1

Table 5: The first values of L, i

Clearly, the total number ap(n) of asymmetric peaks is twice the row sum of L, i.e.,
" (2n —2i+3 " (2 +3
=2 =2
o =23 (" 27) = ()
and has the generating function given by (4).

Remark 2.1. The sequence L, o = (2";3) also counts many statistics in Dyck paths, see comments in [17,
A002054]. For example, the total number of valleys, number of uu's, number of peaks at a level higher than

one in all Dyck paths of length 2(n + 2), and number of nonempty Dyck subpaths in all Dyck paths of length
2(n+1).

Manes, Sapounakis, Tasoulas, and Tsikouras [10] study nonleft peaks in Dyck paths, which are peaks such
that the u steps preceding them are greater than or equal to the d steps following them. They present a
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combinatorial construction of the set of Dyck paths of fixed length and number of nonleft peaks and obtain
various results on the enumeration of several kinds of peaks. In our notations, a nonleft peak is just a symmetric
peak or a left asymmetric peak. Let S}, denote the set of Dyck paths of length 2(n+ 1) having a distinguished
symmetric or left asymmetric peak with weight k£ + 1. Set S}, = |S* .|. Note that S’ , = S, 1 U L,,—2x and
S;;,k =Snkr+ Ln_2k. By Lemma 2.1 and 2.2, together with Theorem 2.1 and 2.2, we have

Corollary 2.3. There exists a bijection between the sets Sy, and Sy .y for j > 1. And the generating
function

k

xr
Si(x) =Y Sp 2™ = Sp(x) + 2’ Li(z) = ———,
ot V1—4x

and the triangle S* = forms a Riordan array (ﬁm) with the general entry

« _ [2n =2k
n,k — n—k .

The first values of Sy, , are presented in Table 6.

( ;,k)nzkzo

n/k] 0 1 2 3 4 5
0 | 1

12 1

2 6 2 1

3 020 6 2 1

4 |70 20 6 2 1
5 252 70 20 6 2 1

Table 6: The first values of S:L) &

3. Symmetric and asymmetric valleys with weight k + 1
in Dyck paths

3.1 Symmetric valleys with weight k£ + 1 in Dyck paths

In this subsection, we study the symmetric valleys with weight k£ 4 1 in Dyck paths.
Let V,, i, denote the set of Dyck paths of length 2(n+2) having a distinguished symmetric valley with weight
k+1. Set V,, = |Vn k|, which is the total number of symmetric valleys with weight &+ 1 in D, 4.

Theorem 3.1. There is a bijection between the sets V,, . and &y 2.

Proof. Given a Dyck path @ € V, . with a distinguished symmetric valley d**1u**1 at level i > 0, Q can be
uniquely partitioned into

0= QouQ; ... uQpud*1uF1dQr ... dQoxry1, wheni =0,
QouQ ... uQpud Tk 1dQy ;... dQoy1dQ’y, when i > 1,

where Q1, ..., Qaxt1 are Dyck paths, Q) is a partial Dyck path ending at level i, and @', is a partial Dyck path
ending at level : — 1 > 0.

In the i = 0 case, Qo is always a Dyck path, we define 6(Q) = (Qo, Q1uQ2 ... uQ2k+1) € En 2k-

In the ¢ > 1 case, we define 0(Q) = (QdQo, Q1uQs2 ... uQ2,11) € &, 25 Note that Qo always begins with
a u step, and Q(dQ)y is a free Dyck path with the lowest valleys at the level —i < —1 such that the leftmost
lowest valley is the intersection of Q{d and Q.

Conversely, the inverse map of 6 is constructed as follows. For any (P, P) € &, 2k, where P = PiuP;...u
Pojpy1and P, ..., Pogyq are Dyck paths. When P is a Dyck path, then define =1 (P,, P) = Q = PyuP; ...uPyu
dk"’luk“dP;Hl ...dPs,11, we get a Dyck path Q € V), such that @ has a distinguished symmetric valley
dFH1uFtT at level 0.

If Py is a nonempty free Dyck path with the lowest valley at the level —¢ for ¢ > 1, according to the leftmost
lowest valley of Py, Py can be uniquely written as Py = Q'(dQo, where the intersection of Q'yd and Qg forms
the leftmost lowest valley. Note that Qo and Q' are partial Dyck paths ending at level i and i — 1 respectively.

ECA 2:3 (2022) Article #S2R24 7
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Then define 61 (Py, P) = Q = QouP; ... uPyud*'u**1dP ... dPy1dQ’, we get a Dyck path Q € V,,
such that the distinguished symmetric valley d*T u*t! of Q is at level > 1. O

In order to give a more intuitive view of the bijection 8, we present a pictorial description of 8 for the case
Q = udu®du®dud?u?d?ud*u?d? € V;;; and 0(Q) = (d>u?d3ududdu,udu®d) € &15. See Figure 4 for
detailed illustrations.

P Qo Qg

Figure 4: An example of the bijection 6 described in the proof of Theorem 3.1.

Let Vi,(v) = >_,,51, Vaka", then Vi(z) = Egp(x) by Theorem 3.1. Together with (8), we have
Corollary 3.1. The generating function

$2kC(Z‘)2k+1
V = Vn = —_—,
(o) =2 Vake Vi

n>k

forms a Riordan array Clz) ,22C(x)?) with the general entry
V1—4z

2n — 2k +1
Vork = .
ok < n — 2k >

and the triangle V = (ank)n>k>0

The first values of V,, ;, are exhibited in Table 7.

n/k | 0 I 2 3
0 1

1 3

2 | 10 1

3 | 3 5

4 1126 21 1
5 | 462 84 7
6 | 1716 330 36 1

Table 7: The first values of V;, i,

Obviously, the total number sv(n) of symmetric valleys is the row sum of the triangle V, i.e.,
"~ (2n — 2k + 1 " 2k +1
=3 (7,2 =2 (0

and has the generating function given by (5).
Theorem 2.2 and Theorem 3.1 in the k = 1 case suggest the following result.

Corollary 3.2. There is a bijection between the sets L, o and Vyy21.

Here we provide a simple and direct bijection. Given a Dyck path @ € £,, o with a distinguished left asym-
metric peak u/*2d at level i+5+2 for certain 4, j > 0, Q can be uniquely partitioned into Q = Q,u/*2duQ.dQs,

ECA 2:3 (2022) Article #S2R24 8
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where @ is empty, or a nonempty partial Dyck path ending with a d step at level i, Q2 is a Dyck path and Q4
is a partial Dyck path ending at level i + j + 1 > 1. Then define 9(Q) = Q;u/ T Qoud?*u?dQ;, we get a Dyck
path P = Q1w T'Qoud?udQ; € V, 12,1 with a distinguished symmetric valley d?u? at level i + j. It is easy
to verify that 7 is a bijection between the sets £, o and V421, the details are left to the interested readers.

3.2 Asymmetric valleys with weight k£ + 1 in Dyck paths

In this subsection, we follow with interest the left asymmetric valleys with weight £ + 1 in Dyck paths. The
right asymmetric valleys are equivalent distribution to the left asymmetric valleys according to the symmetry
of Dyck paths.

Let V,’;j « denote the set of Dyck paths of length 2(n + 3) having a distinguished left asymmetric valley with

weight £+ 1. Set VnLJC = |Vﬁ &, which is the total number of left asymmetric valleys with weight £+ 1 in D4 3.
Theorem 3.2. There is a bijection between the sets Vrﬁk and Ep 42 2k12-

Proof. Given a Dyck path @ € Vrﬁ . With a distinguished left asymmetric valley d**9+2u*+! at level i for certain
1,7 > 0, @ can be uniquely partitioned into

0= QouQ1 ... uQp42d*2urdQs 5. .. dQaky3, when i =0,
QouQ ... uQp12d"?uFdQy s . .. dQaky3dQ’y, when i > 1,

where 1, ...,Qak+3 are Dyck paths and Q2 ends with j d steps for certain j > 0 which, together with
d*t2uFt!l form the left asymmetric valley d*T7t2uft! of Q, Qp is a partial Dyck path ending at level i, and
Q' is a partial Dyck path ending at level i — 1 > 0.

In the ¢ = 0 case, Qg is always a Dyck path, we define p(Q) = (Qo, Q1uQ2 ... UQ2k+3) € Ento2k+2. In the
i > 1 case, we define p(Q) = (Q(dQo, Q1uQ2 ... uQ2k+3) € Ent22k+2. Note that Qo always begins with a u
step, and Q(dQy is a free Dyck path with the lowest valleys at the level —i < —1 such that the leftmost lowest
valley is the intersection of Q4d and Q.

Similarly, one can verify that p is a bijection between the sets V#, p and Ep4o op42, the details are left to the
interested readers. O

Let ViI(z) = D sk ankx", then ViF(x) = 5 Eary3(x) by Theorem 3.2. Together with (8), we have

Corollary 3.3. The generating function

kaC(x)2k+3
V@) =) vihat = ———r,
et V1 —4x

d the triangle VI = (V1) f Riord (Ll 22C(2)2) with th I ent
an € itriangie = nk) n>k>0 orms a rvoraan array m,l’ X w1t € generalr entry

2n — 2k +3

n — 2k

The first values of an . are displayed in Table 8.

n/k 0 1 2 3
0 1
1 )
2 21 1
3 84 7
4 330 36 1
5 1287 165 9
6 5005 715 55 1

Table 8: The first values of V%

Theorem 3.1 and 3.2 suggest the following result, whose direct bijective proof is left to the interested readers.
Corollary 3.4. There is a bijection between the sets Vy o p+1 and Vﬁ,k'

Let V;, ;. denote the set of Dyck paths of length 2(n+2) having a distinguished symmetric or left asymmetric
valley with weight k£ + 1. Set VT;"Jc = |V:;k| Note that V;)k = Vpr U fol)k and Vrj"k =Vor + Vanl,k' By
Theorem 3.1 and 3.2, together with (8), we have
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Corollary 3.5. The generating function

2kC’(I)2k+2
7l + V - 77
and the triangle V* = (Vf;:k)n>k>() forms a Riordan array (% xQC’(x)z) with the general entry
2n — 2k 42
Ve = .
.k < n — 2k >

The first values of V' are presented in Table 9.

n/k| 0 1 2 3
0 1

1 4

2 | 15 1

3 | 56 6

4 1210 28 1
5 | 792 120 8
6 | 3003 495 45 1

Table 9: The first values of V;,k

4. Symmetric and asymmetric peaks with weight £ + 1
in partial Dyck paths

4.1 Symmetric peaks with weight £ + 1 in partial Dyck paths
In this subsection, we focus on the symmetric peaks with weight k& 4 1 in partial Dyck paths.

Let Sf ke denote the set of partial Dyck paths in D,, , having a distinguished symmetric peak with weight
k+1. Set S, k . =|SP k.|, Which is the total number of symmetric peaks with weight k + 1 in Dy, ;..

Lemma 4.1. The total number o, i, of symmetric peaks with weight k + 1 in uD,, is counted by the generating
function >, o o gz = 0w
n>0 n, Vi—iz

Proof. Let uP € uD,,, where P is a Dyck path in D,,. Note that a symmetric peak u**1d**! of weight k+ 1 in
P is also a symmetric peak of weight £+ 1 in uP if it is not at the beginning of P. If P starts with a symmetric
peak uft1d**! that is P = u**'d**!' P, where P, € D,_;_, the first symmetric peak of P becomes an
asymmetric peak u**t2d**! in uD,,. Clearly, there are C,_;_; such kinds of symmetric peaks in all P € D,
which is counted by 2*+1C(x). Hence, by Corollary 2.1, the total number o, 1, of symmetric peaks with weight
k+ 1 in uD,, is counted by the generating function

H20()
n __ k+1 _ T

Theorem 4.1. The total number SPk - of symmetric peaks with weight k+1 in D,, , is counted by the generating

function xF+TH1C(z)r L (1 + E;i)’c) Namely,

p r+D)((n—k+1)(n—k—r)—2) (2(n—k)—r—1)
n’k’r_(2(n—k)—r—2)(2(n—k)—r—1) n—k

form>k+r+1.

Proof. For any P € |J,,~o Dn,r, P can be uniquely written as P = PyuPyuP; ... uP,, where Py, P, ..., P, are
Dyck paths. By Corollary 2.1, the total number of symmetric peaks with weight k + 1 in all Py’s is counted by
xSy (x) and the total number of paths PiuP ... uP, € |J,,~( Dn,r—1 is counted by 210 (x)". By Lemma 4.1,
. z*2C(x)

V1—dx

the total number of symmetric peaks with weight k£ 4+ 1 in all upP;’s for 1 < ¢ < r is counted by and
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the total number of paths PyuP; ... uP;_juP;yy ... uP. € J,~(Dn,r—1 is counted by 2"~1C(x)". So the total
number STIZ k. Of symmetric peaks with weight k + 1 in D,, ;- is counted by

220 (g r x
xS (z)z"C(x)" + Txr_lc(l‘)rﬂv\/l_ifm) = MO () (1 + i/%)

By (2) and (6), one can deduce that

Sﬁk,r _ [x]k+r+10 x)r+1(1+ (r+ Dz )
r+1/2n—k)—r—2 2(n—k)—r—3
- nk( n—k—1 >+(T+1)( n—k—1 )
(r+1)((nfk+1)(nfkfr)72) (2(n—k)—r—1>
2n—k)—r—2)(2(n—k) —r—1) n—k '
This completes the proof. O

4.2 Asymmetric peaks with weight k£ + 1 in partial Dyck paths

In this subsection, we take into account the left asymmetric peaks with weight k + 1 in partial Dyck paths.

Let Eff, k. denote the set of partial Dyck paths in D,, , having a distinguished left asymmetric peak with
weight k +1. Set LY, == [LF
Doy

|, which is the total number of left asymmetric peaks with weight k& + 1 in

n,k,r

Lemma 4.2. The total number B, of left asymmetric peaks with weight k + 1 in uD,, is counted by the

fEk+1

1 _
(1 + \/1741) T C(x)/1—4x”

Proof. Let uP € uD,,, where P is a Dyck path in D,. Note that an asymmetric peak u**/+2d**! of weight
k+1in P is also an asymmetric peak of weight &+ 1 in uP. If P starts with a symmetric peak u**1d**!, that
is P = u*t'd**! P,, where P, € D,,_j_1, the first symmetric peak of P becomes an asymmetric peak u*t2d*+!
in uP. Clearly, there are C,,_;_1 such kind of symmetric peaks in all P € D,,, which is counted by z**1C(x).
Hence, by Corollary 2.2, the total number 3, ; of asymmetric peaks with weight £ 4 1 in uD,, is counted by

generating function Zn>0 Brpx"™ =

2 2
;)ﬁ e’ =t Li(e) + 2 C() = xkﬂcm(% +1)

okl 1 pRFL
= 5 (1 \/@> T Covi-iz
where we use the relations /1 — 4z = 1 — 22C(z) and C(z) = 1+ 2C(2)? = 1_;0(93). O
Theorem 4.2. The total number Ln kr of asymmetric peaks with weight k + 1 in D, , is counted by the

k47
generating function % (r + 1:20(1:)4). That is

e () ()

Proof. For any P € |J,,~ Dn,r, P can be uniquely written as P = PyuPyuP; ... uP,, where Py, P, ..., P, are
any Dyck paths. By Corollary 2.2, the total number of asymmetric peaks with weight k+1 in all Py’s is counted
by 2®L(z) and the total number of paths PiuPs...uP, € Un>0 D, r—1 is counted by 2"~ 1C(z)". By Lemma

4.2, the total number of asymmetric peaks with weight k£ + 1 in all upP;’s for 1 < i < r is counted by C(m)%
and the total number of paths PopuP; ... uP;_juP;yi...ub, € UnZO nr—1 is counted by z"71C(z)". So the

total number Li k. Of symmetric peaks with weight £+ 1 in Dy, ;- is counted by

form>k+r+1.

3L ( ) TC( )T+ r—IC( )T wk—i—l B :Ck"'r"'lC(:E)T_l( N 20( )4)
" Lg(x)x x rT xxc(m)m— m r+x x .

By (2) and (6), one can deduce that
mk+r+lc(m)r71

LP = [z"] N

n,k,r

(r + :E2C(x)4)
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S Gt Y i

This completes the proof. O]

Remark 4.1. One can also discuss the total number of symmetric peaks or left asymmetric peaks in all primitive
Dyck paths of a given length. By the similar methods, one can deduce that the total number of symmetric peaks

of weight k + 1 in all primitive Dyck paths of length 2(n + 4) is counted by the generating function x\;%,

and the total number of left asymmetric peaks of weight k + 1 in all primitive Dyck paths of length 2(n + 3) is

k
counted by the generating function f/@ Hence, there exist bijections between the set of Dyck paths of length

1—-4x
2(n+3) having a distinguished left asymmetric peak of weight k+1 and the set of primitive Dyck paths of length
2(n+4) having a distinguished symmetric peak of weight k + 1, and bijections between the set of Dyck paths of
length 2(n+2) having a distinguished symmetric valley of weight 1 and the set of primitive Dyck paths of length
2(n + 3) having a distinguished left asymmetric peak of weight 1. The details are left to interested readers.
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