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ABSTRACT: Let a and b be positive integers with prime factorisations a = pi'py and b = ¢i'¢3. We prove that
the number of essentially distinct a-graceful labelings of the complete bipartite graph K, ; equals the alternating

sum of fourth powers of binomial coefficients (—1)" {(25)4 - (21”)4 + (22”)4 — (2?:’)4 + @2)4}
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1. Introduction

Consider a bipartite graph G with a vertices in its left part, b vertices in its right part, and e edges.

Let us label each vertex of G with one of the nonnegative integers 0, 1, ..., e so that every label in the left
part of G is strictly smaller than every label in the right part of G. Then let us also label every edge of G with
the difference between the labels of its endpoints. When the labels on the edges of G turn out to be the positive
integers 1, 2, ..., e, each one occurring exactly once, we say that our labeling is a-graceful. These labelings
were introduced by Alexander Rosa in [2].

We consider two a-graceful labelings to be essentially the same when they can be transformed into one
another by automorphisms of G.

Let A(a,b) be the number of essentially distinct a-graceful labelings of the complete bipartite graph K, p.
Equivalently, A(a,b) is also the number of ordered pairs of sets S’ and S” of nonnegative integers such that
|S] = a, |S”| = b, both of S" and S are subsets of {0,1,...,ab}, and S”" —S" ={y—z |z € S andy € 5"} =
{1,2,...,ab}.

Donald Knuth studied A(a, b) in [6]. We give a brief overview of some results obtained there in Section 2.

Our goal in this short note will be to prove the following theorem.

Theorem 1.1. Suppose that the prime factorisations of a and b are a = p'py and b = qi'q¢%. Then

Ala,b) = i(_mﬂ‘ (2?)4

i=0
— (—1) 2\ * 2n 4+ o\ * 2n 4+ + 2n\
B 0 1 2 3 2n) |’
Note that we do not require the sets of prime factors {p1,p2} of a and {q1, g2} of b to be disjoint.

Nicolaas de Bruijn studied the asymptotic behaviour of the alternating sums of like powers of binomial
coeflicients

S(k,n) = i(—m“ (i”)k

=0

o [ - () () ) e ()]
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in [1]. Thus these sums are now known as de Bruijn’s S(k,n). With this notation, we can restate Theorem 1.1
quite succinctly as A(piph, g7 q5) = S(4,n).

The author discovered the identity of Theorem 1.1 with the help of the On-Line Encyclopedia of Integer
Sequences. The results of Section 2 allow us to determine A(p}pY, ¢7'qy) experimentally for small n. When we
enter the first three values 14, 786, and 61340 into the OEIS search engine, immediately we are presented with
the OEIS entry [5] for de Bruijn’s S(4,n).

2. Preliminaries

The results summarised in this section are all established in [6]. The wording there is somewhat different; the
one we prefer here, in terms of transformations, is also due to Knuth.

We can construct larger a-graceful labelings out of smaller ones as follows. Take any a-graceful labeling of
K, with labels S” on the left and S” on the right, and let ¢ be any positive integer with ¢ > 2. Then the sets
of labels T" = ¢S’ +{0,1,...,c—1} ={cx+z |z € S and 0 < z < c} and T" = ¢S = {cy | y € §"} determine
an a-graceful labeling of K,.,. We call this transformation multiplication by c¢ on the left.

Similarly, multiplication by ¢ on the right produces an a-graceful labeling of K, ;. with label sets U’ = ¢S’
on the left and U” = ¢S” — {0,1,...,¢— 1} on the right.

Every a-graceful labeling of K, ; can be obtained from the unique a-graceful labeling of K ; by means of
some series S of multiplications on the left and right.

We say that S is canonical when it alternates between multiplications on the left and multiplications on the
right.

Observe that two successive multiplications on the left by ¢ and then ¢’ yield the same net result as one
single multiplication on the left by ¢’c¢”. This allows us to collapse any subseries of S which consists entirely of
multiplications on the left into one single multiplication on the left. The same things hold true of multiplication
on the right as well. Therefore, we can assume without loss of generality that S is canonical.

Conversely, distinct canonical series of multiplications yield distinct a-graceful labelings. Therefore, A(a, b)
equals the number of distinct canonical series of multiplications on the left and right which transform K; ; into
Kap.

Let a = pi'ps?---pi and b = qlljlqg2 ---gb be the prime factorisations of a and b. By the preceding
discussion, A(a, b) depends only on the unordered pair of multisets {a1, as,...,a,} and {b1,ba,...,bs}. Thus we

may just as well do away with the prime factors altogether and write simply A({a1,as,...,a;}, {b1,ba,...,bs}).
With this notation, the identity of Theorem 1.1 becomes A({n,n},{n,n}) = S(4,n).

3. One General Theorem

Let P be a polynomial of degree d with real coefficients. Then there are unique real numbers C(0, P), C(1, P),

..., C(d, P) such that
d

P(z) = ;C(i,P) (f)

We define also C(k, P) = 0 for all k£ > d.
The theory of finite difference allows us to express the C(k, P) neatly in terms of the values of P. They are

given by
Ak
C(k,P)= —1)k+i P(i).
()= 30 (7)) (¥
Here and henceforth, we write “}.” as shorthand for “ ;’io”, provided that the summand vanishes for all

sufficiently large 7 and so the sum actually contains only finitely many nonzero terms.
Let @ be a polynomial with real coefficients as well. We define

POQ =) Ci, P, Q).

Thus () assigns a real number to every pair of polynomials with real coefficients.

Observe that
POQR=QOP,
(P +"P"YOQ=C(POQ)+"(P"OQ),

and

PO(dQ +d'Q") =d(POQ)+d"(POQ").
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That is, O is commutative and linear in both arguments.
Furthermore,

(i) O P(z) = C(k, P)

for all nonnegative integers k.
Given a positive integer a with prime factorisation a = pJ'p5? - - - p&~, we define

Falz) = H (”““ :“)

i=1

Thus F,(x) is a polynomial with real coefficients of degree a; + az + -+ + a,.
To calculate A(a,b), we rely on the following theorem.

Theorem 3.1. The number of essentially distinct a-graceful labelings of the complete bipartite graph K, 1is
given by
Ala,b) = [Fa(z = 1) O Fp(z)] + [Falz) O Fo(z — 1)]

in all cases except for a =b=1, when A(1,1) = 1.

In the exceptional case of a = b = 1, the formula of Theorem 3.1 yields 2 instead of the correct answer 1.
The reasons for this discrepancy will become clear a little bit later on.

For the proof, first of all we define dy, d1, ..., di to be a partial sequence for a with k steps when 1 = dy <
dy < -+ < dp = a and d; divides d;;q for all i. Let 9(k,a) be the number of distinct partial sequences for a
with k steps.

Lemma 3.1. The number of distinct partial sequences for a with k steps is given by
k,a) = C(k, Fo(z — 1)).

Of course, then also the number of distinct partial sequences for b with ¢ steps will be given by ¥(¢,b) =

Cll, Fp(x —1)).

Proof. Observe that 1 satisfies the recurrence relation

d(k+1a)= > d(kd)

d|la and d#a

as well as the initial conditions ¥#(0,1) = 1 and ¥(0,a) = 0 for all @ > 2. Let us now see that C(k, Fo(xz — 1))
satisfies them as well.

The initial conditions are straightforward enough. When a = 1, F,(z) becomes the empty product and so
C(0, Fo(x—1)) =C(0,1) =1, too. Otherwise, when a > 2, we get F,(—1) = 0 because all terms in the product
vanish. Then C(0, Fy(z — 1)) = Fo(0 — 1) = 0 as well.

We go on to the recurrence relation. We must check that

Clhk+ 1L Falx—1)= > Clk,Falz—1)).
d|la and d#a

To begin with, let us evaluate the simpler sum dla C(k, Fq(x —1)). Once we are done, we will subtract out

from the total the superfluous term C(k, F,(z — 1)).
Since

> Ck,Falw—1))=C | k> Falz—1) |,
dla d|

we focus on the polynomial }°,, Fa(z —1).

Given any divisor d of a, let d = p‘fl p? ---p9 so that all of the §; are nonnegative integers. Note that this

is not quite the prime factorisation of d since we allow some or all of the J; to be zeroes. Note also that still

e-11(71)

i=1

because each vanishing J; contributes only a unit multiplicand to the product.
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Then

Zfd(ar—l ZH(z—1+5)

dla dla i=1

_ﬁz<x—1+5>.

i=16;=0
To simplify the latter expression, we require the hockey-stick identity
i n+i\  (m+n+l
_ n ) n+1 )
1=0

For this and all other well-known binomial coefficient identities that we cite, we use Henry Gould’s [3] as a
standard reference on the subject. We find the hockey-stick identity in it under number (1.52).

Thus v v
i n—1+96; _f’: n—1+4+06\ (n+a\ (n+a
0 B n—1 B n B a;

for all positive integers n.
Consequently, quite simply

;fd(x 1) = ]:[1 (m ;‘”)
= Fa(z).

Therefore,

> C(k, Falx — 1)) = C(k, Fa).
dla

Let P be any polynomial with real coefficients. From P(z) = >, C(i, P)(%), we derive

Pla+1) = ZC(Z’,P) (m ‘ZL 1)

-conpeen[(; )« ()
_Z zP+Cz+1P)]<Z>

Consequently,
C(k,P(x+1))=C(k,P)+C(k+1,P).

With P(z) = F,(z — 1), we finally conclude that

S Clk Fale 1) = | Y Ck, Falz — 1)) | —C(k, Fulz — 1))

dla and d#a dla
=C(k,F,) — C(k, Fo(z — 1))
= Clk+ 1, Fa(z — 1)),

as needed. O

We are ready to tackle Theorem 3.1.

Proof of Theorem 3.1. Let S be one canonical series of multiplications transforming K, ; into K, . Suppose,
to begin with, that S starts with a multiplication on the left and ends with a multiplication on the right. In a
moment we will account for the other three cases as well.

Consider the complete bipartite graphs into which S successively transforms K ;. Let the entire sequence
of such graphs be

K11 = Kageo = Kayeop = Kayer = Kager = Kdyeo =0 = Kay e, = Kap-
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Thus the multiplications of S are, in this order, by d; on the left, by e; on the right, by da/d; on the left, by
ea/e1 on the right, and so on. Then dy, dy, ..., di is a partial sequence for a and eg, e, ..., ex is a partial
sequence for b.

We can similarly decompose every canonical series S into a pair of partial sequences for ¢ and b. When S
starts and ends with multiplications on opposite sides, the two partial sequences will have the same number of
steps, as above. Otherwise, when S starts and ends with multiplications on the same side, the partial sequence
which corresponds to that side will be one step longer.

Conversely, consider a pair of partial sequences D for a and F for b with k£ and ¢ steps, respectively, such
that k& and ¢ differ by at most one. Then we can interleave D and F so as to obtain a canonical series S with k
multiplications on the left and ¢ multiplications on the right.

When |k — ¢] = 1, the interleaving can only happen in one unique way, with the longer partial sequence
corresponding to the first and last multiplications of S. Otherwise, when k = ¢ > 1, the interleaving can happen
in two distinct ways. Finally, when k = ¢ = 0, both of D and E become the empty sequence, and so once again
they can only be interleaved uniquely to yield the empty series of multiplications which transforms K ; into
K171.

Therefore,

Ala,b) =Y Ok, a)d(k+1,b)+ Y O(L+1,a)9(L,b) +
k 4

9(0,a)0(0,b) + 2 iﬁ(i, a)9(i, b).

When at least one of a and b is greater than or equal to two, we get 9(0,a)?(0,b) = 0 and so we can rewrite
the above as

Afa,b) = 32 00,00 b) + 0 + 1B + 3 0. D9(i,a) + 9 + 1, o)l

The same trick does not work when a = b = 1, because then 9(0, a)d(0,b) = 1 does not vanish. This is why
Theorem 3.1 fails in that special case. Suppose, for now on, that indeed at least one of a and b is greater than
or equal to two.

By Lemma 3.1, 9(i,a) = C(i, Fo(xz — 1)), and similarly for ¢(i + 1, a), ¥(i,b), and (i + 1,b). Then, as in the
proof of Lemma 3.1,

Hkya)+ 3k +1,a) =Clk, Fo(x — 1))+ C(k + 1, Fo(x — 1))
= C(k, Fa),
and similarly for ¥(¢,b) + 9(¢ + 1,b).
Therefore, in the end we arrive at

A(a,b) = an, Falz —1))C(, F) + an, Fa)Cli, Fy(x — 1))

= [Falz = 1) O Fo(2)] + [Fa(z) O Fp(z — 1)],
as needed. O

4. One Example

The material in this section is not part of our proof of Theorem 1.1. (With the exception of the first paragraph
of the proof of Lemma 4.1. The point it makes is crucial also for our proof of Lemma 5.1.) However, we include
it anyway because it is a good example of how Theorem 3.1 works in practice.

The treatment of A(a,b) in [6] contains also the following result.

Theorem 4.1. Suppose that the prime factorisations of a and b are a = p™ and b = qll’lqg2 ---qbs. Then

Ala,b) = H ("Zb>

i=1

The proof in [6] uses the theory of traces. Here, we give a different proof which employs Theorem 3.1 instead.

By Theorem 3.1,
At = (" om@] + | (I oA -]

n

To evaluate the right-hand side, first we learn to express (’”';m) O P(z) in terms of the values of P.
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Lemma 4.1. For all nonnegative integers m with m < n and all polynomials P with real coefficients,
r+m ifn—m .
("t orE@ =L (") pw- .
Proof. Observe that it suffices to consider only the case when P(x) is of the form (;) Since () is linear in
both arguments, then it would follow immediately that Lemma 4.1 holds also for all linear combinations of
polynomials of that form. But we already know that, in fact, every polynomial with real coefficients is such a

linear combination.
(ac) (x+m) C(k‘, (x—km)).
k : n n

With P(z) = (}), we get
On the other hand, by the well-known binomial coefficient identity

()-206)

(3

(number (3.1) in [3]) we conclude that also
T+m\ Z m T
n ) —\n—i)\i)

Therefore, quite simply

With this, Lemma 4.1 boils down to

(") = () ()

and this is yet another well-known binomial coefficient identity. We find it in [3] under number (3.49). O
We go on to Theorem 4.1.
Proof of Theorem 4.1. By Theorem 3.1 and Lemma 4.1,

Aty = | ("1 om@|+ (1) 0 A1)

n

_Z ()fbn—z +Z ()fbn—z—l)

[.7-" (n) — Fp(n —1)] +.7:b(n -1)
= Fp(n)

1)

as needed. O

To be fair, our derivation from Theorem 3.1 is hardly the simplest way to establish Theorem 4.1. For
completeness, let us also sketch one short combinatorial argument.

Second proof of Theorem 4.1. For each i with 1 < i < s, let 8; = qi”' and let §; be any canonical series of
multiplications transforming K, ; into K, g,. It is straightforward to see that there are exactly ("+b ) such
series.

Out of S, Ss, ..., Ss, we construct one single canonical series S of multiplications transforming K; ; into
Kb, as follows.

For each ¢ with 1 < i < s and each j with 0 < j < n, check if S; contains a multiplication on the right which
transforms K; , into Kp; ,~ for some v’ and u”. (Then v’ and v’ will necessarily be distinct powers of ¢;.)
When it does, set u; ; = v’ /u’. Otherwise, when it does not, set u; ; = 1. Then also let U; = uq jug j - - - us ;.

For all j with 0 < j < n such that U; > 2, let S contain a multiplication on the right by U; at a moment
when the left part of the graph is of size p?. Furthermore, let this account for all multiplications on the right in
S. Then the multiplications on the left in & are determined uniquely as well.

It is straightforward to verify that the mapping &1, S, ..., Ss — S we just described is, in fact, a bijection
between all sequences of the form S;, Sz, ..., Ss and all canonical series of multiplications transforming K ;
into K, . The claim follows. O

ECA 2:1 (2022) Article #S2R6 6
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One corollary of Theorem 4.1 is that A({n},{n}) = (27?) Then, by the well-known binomial coefficient
identity

- (2)

(number (3.81) in [3]), we conclude that, in fact, also A({n}, {n}) = S(2,n).
This looks strikingly similar to the identity A({n,n}, {n,n}) = S(4,n) of Theorem 1.1. However, the resem-
blance appears to be purely coincidental. The author is not aware of any such formula for A({n,n,n}, {n,n,n}).

5. The Proof

For our proof of Theorem 1.1, we follow the same overall strategy as in Section 4. This time around, however,
the details will be significantly more difficult to fill in.

By Theorem 3.1,
2 2
r+n-—1 rT+n
n n

The key insight required to evaluate the right-hand side is that we can express (I:”)2 O P(z) neatly in
terms of the values of P. The exact expression is given by the following lemma.

A({n’ n}’ {n7 TL}) =2

Lemma 5.1. For all polynomials P with real coefficients,

(°r ”)2 or@ =Y (") (5)ro.

(3

We are about to encounter some more complicated binomial coefficient identities which cannot be found
in [3]. For them, we need the method of creative telescoping.

This method was developed by Doron Zeilberger building upon earlier algorithms of Sister Mary Celine
Fasenmyer and Bill Gosper. For a detailed discussion, we point readers to [4]. Here, we give only a quick
summary of some key points, and only in the generality required for our purposes.

Let f(i,n) be some concrete expression of ¢ and n such that, for each fixed nonnegative integer n, f(i,n)
vanishes for all sufficiently large nonnegative integers . Then we can define

F(ﬂ)ZZf(ivn)

Suppose that we have somehow managed to find another concrete expression g(i,n) of i and n such that:
(a) g(0,m) = 0 for all nonnegative integers n; (b) For each fixed nonnegative integer n, g(i,n) vanishes for all
sufficiently large nonnegative integers i; and (¢) There are concrete polynomials c¢o(n), c1(n), ..., cx(n), all
depending only on n and not on ¢, with

k

> ") fi,n+j) = gli+1,n) — g(i,n).

Jj=0

Then we can conclude immediately that

M=

co()F(n) + ex(n)F(n +1) + -+ cx(n)F(n + k) = [cj(n)Zf(i,nH)

<
I
o

I |
e &M &M

k
> ej(n)fin+j)

[9(i +1,n) — g(i,n)]

Or, in other words, F' satisfies a recurrence of order k with coefficients c¢o(n), ¢1(n), ..., cg(n). The expression
g is then called a certificate for that recurrence.

The method of creative telescoping allows us to find such a certificate g whenever f is nice in some precise
technical sense. The full definition is in [4], and we do not reproduce it here. What matters is that all four
expressions @, ¥, 7, and o in the proofs of Lemma 5.1 and Theorem 1.1 are indeed nice in that way.

ECA 2:1 (2022) Article #S2R6 7
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The task of discovering the certificate g is usually arduous and best left to machines. Once it is found,
however, the verification that it and its associated coefficients co(n), ¢1(n), ..., cg(n) do indeed work as stated
becomes entirely routine. Thus our proofs in this section are still human-friendly, at least in principle. Checking
all four of our certificates by hand would probably not be too enjoyable, but certainly it can be done.

There is one important caveat, though. There might be some n such that g(i,n) is not well-defined for all
nonnegative integers . Then we cannot claim that F' satisfies our recurrence for those particular values of n.

We return to Lemma 5.1.

Proof of Lemma 5.1. Just as with Lemma 4.1, it suffices to consider only the special case when P(z) is of the

form (i) Then
2 2
(x> 5 (x+n> e (k <x+n> ) |
k n n
On the other hand, by formula (x) furthermore

(o)) (Y

3

With this, we are only left to verify the binomial coefficient identity

s ()00 =z () 0)6) »

2 ?

Treating k as a fixed parameter, let

i) = o (F) (" )

®(n) = ng(i,n).

(i) = (-1 (Z . n) <n) <k)

(n) = 3 0.

Thus identity (A) takes on the form ®(n) = ¥(n).
By the method of creative telescoping, we find that ® satisfies the second-order recurrence

and

Similarly, let

and

(2n —k+3)2n —k+4)®(n+2) = —(n+1)°®(n) +
[5n® + (2k + 16)n + 3k + 13]®(n + 1)

with certificate ]
e1(i,n)

on(n) e(i,n),
where
o1(i,n) = i3[6n> + Tin? 4 2i*n — (k — 27)n? —
(2k — 22)in — (k — 3)i? — (2k — 40)n — (2k — 18)i — k + 19]
and

pr(n) = (n+1)*(n+2)°.
Then we find that U satisfies an identical recurrence as well, with certificate

wl(iv ﬂ)
Yri(n)

(i, n)
where
Yr(i,n) = —(i — k)(n —i)%[12n® — 17in? 4 6i*n — (
(2k — 54)in — (k — 10)i* — (2k — 82)n + (2k — 43)
Ya(n) = (m+1)(n+2)(n+3)(n+4),

k —55)n” +
i —k+39],

ECA 2:1 (2022) Article #S2R6 8
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Yri(n) = (—1)° (:Lj-s) (;) (;)

Since ¢rr(n) and r1(n) are nonzero when n > 0, both recurrences hold for all nonnegative integers n.

We proceed to check that ® and ¥ satisfy the same initial conditions, too. Before we can complete the proof
from there, however, there is one more subtlety we must take into account.

Observe that the leading coefficient (2n—k+3)(2n—k+4) in the two recurrences vanishes when n = [k/2]—2.
Thus, as far as our recurrences are concerned, anything at all could happen with ®([k/2]) and ¥([k/2]).
Consequently, we must examine these values of ® and ¥ manually as well.

and

For the calculations, we revert back to the original form C (k, (”:")2> of ®(n). By contrast, ¥(n) does not

require special treatment because the number of nonzero terms in it is small in the cases we must consider.

By direct computation, with n =0 we get ®(0) = ¥(0) =1 when k = 0 and ®(0) = ¥(0) =0 for all k£ > 1.
Then, with n = 1, we obtain ®(1) = ¥(1) =1 when k£ = 0, ®(1) = ¥(1) = 3 when k =1, &(1) = ¥(1) =2
when k =2, and ®(1) = ¥(1) = 0 for all k£ > 3. This settles the initial conditions.

With n = [k/2], we consider two cases based on the parity of k.

When k = 2/ is even, we compare the coefficients before z2¢ on both sides of

z+ 0\ e+ 0\ [z
(7Y =z 00) ()
to see that ®(¢) =C (26, (”77)2) = (2;). This is also the unique nonzero summand of ¥(¥).

Finally, when & = 2¢ — 1 is odd, in the same identity we furthermore compare the coefficients on both sides

2
before 2=, We already know the value of C (26, (m#) ) from the previous case, and so in the current case

we find that ®(¢) = C (2€ -1, (I#)Q) = %K(Qf). On the other hand, the only nonzero summands of ¥(¢) are

now —%E@Z) and QE(QEZ), and we are done. O
We are ready to establish Theorem 1.1.
Proof of Theorem 1.1. By Theorem 3.1 and Lemma 5.1,

<x+:—1)20 (m:n)z
=2 ()G

With this, all that is left is to verify the binomial coefficient identity

(O s (3

i

A({n,n},{n,n}) =2

Notice that we only need to verify (B) with n > 1 because to us n is an exponent in the prime factorisations
of two positive integers. This is rather fortunate, since (B) is actually false with n = 0. On the other hand,
when we formally substitute n» = 0 in the statement of Theorem 1.1, we turn out to obtain a correct numerical
identity anyway. These two facts might seem at first to contradict each other. In reality, they do not as Theorem
3.1 does not hold when n = 0 and a = b = 1, either.

Back to the proof. Let
iy =2 i "))l 2
. —9.(—
’ i—n)\n n

and

Then also let
. (2n 4
o(i,n) = (—1)""”( . ) ,

and of course we already have the notation S(4,n) for >, o(i,n).
Thus identity (B) takes on the form T'(n) = S(4, n).
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By the method of creative telescoping, we learn that T'(n) satisfies the second-order recurrence
(n +2)%(2n + 3)(48n? + 661 + 23)T'(n +2) =
—4(n +1)(2n + 1)3(48n* + 162n + 137)T(n) +

(13056n° + 96288n° + 289600n* 4 453428n> 4 388698n2 + 172598n + 31030)T'(n + 1)

with certificate

where

m1(i,n) = (i — 1)(n — )2(27552in"" — 58176i°n'0 + 16032i°n° 4 26496i*n® — 12960i°n7 + 192i°n° +
96i"n® — 27552n'' + 367020in'° — 593880i%n° + 69036:°n8 + 265008:*n” — 94668:°n° + 936i°n°® +
372i"n* — 322620010 4+2113028in° — 2572824i%n8 — 117016i3n” +1097868i*n® — 2818444°n° +1832i5n* +
520477 n3 — 166893812 +6931571in® —6117036:2n" —1341685:3n5 42444730i4n° —436527:°n* +1780i5n3 +
313i"n2 —5021232n8414336104in” —8555131i%n° — 3650987315 +3159910i*n* —369970i°n> +853i5n2 +
69i7n — 973081017 + 19484963in° — 6849587i%n° — 5027866i°n* + 2369168i*n® — 162435i°n2 + 161i°n —
12703524n° + 17553984in° — 2522009:2n* — 3836537:°n3 + 953687i*n? — 28891:°n — 11345120n° +
10298636in* + 238675i2n3 — 1542942i3n? + 159195i*n — 6891324n* + 3757590in® + 498924i%n2 —
254850430 — 2772936n° + 789568in2 + 110216:%n + 274i% — 701016n2 + 90624in — 246632 — 100936n +
71247 — 6576),

mi(n) = n?(n+ 1)*(n +2)(n + 3)(n +4),

e~ (L () (Y

Similarly, we learn that S(4,n) satisfies an identical recurrence as well, with certificate

and

UI(i, ﬂ)

CTH(n)

~om(t,n)

where

o1(i,n) = —i*(n + 1)(7520256n'* — 17989632in'3 4 23126016i>n'? — 24846336i>n'" + 24385536i*n'0 —
19193856i°n° + 1104691218 — 4521984i"n™ + 1303296i®n°® — 259584i°n° + 34176:'0n* — 2688i'1n3 +
96i'2n2 + 143788032n'3 — 318025728in'? + 388985856i2n't — 405015552:°n'° + 373158144i*n® —
265193472:°n8 + 134661120i5n7 — 47858688:"n8 + 11779104i¥n° — 1960896i°n* + 209232i'%n3
12720i'n? + 324i'2n 4+ 1265058816n'2 — 2581954560in'! + 3006342656i%n'° — 30076216321
255867840054n8 — 16157244163°n7 + 711926848i%n% — 215268736i"n® 4+ 44025040i8n* — 5886640i°n3
ATT776i 072 — 19984i''n + 274i'2 4+ 6788332032n'' — 12758850560in'0 + 14127239936i%n?
13411286784i°n® + 10337382784i*n"™ — 5692218752i°n® + 2130662560i°n° — 533110848i"n*
87037664i%n° — 8771336i°n2 + 481812i10n — 1041211 + 2482327833610 — 42863544832in°
449676458243°n® — 39831836800:3n7 + 27212428608i*n8 — 12767425216i°n° + 3945292272in*
7844699847 n3 + 95918420i%n? — 6480836i°n + 1808400 + 65453976704n° — 103508180224in®
102114889152i2n7 — 82578817216i3n® + 48702032112:4n°5 — 18889181056:°n + 4624614776i%n3
685321360i"n2 + 55815034i%n — 1897450i° + 128392568000n° — 185069632256in” + 169489802464i2n5 —
121699208800i%n° + 59929351944i*n? — 18415238344i°n® + 3348204704i°n2 — 328803152i"n +
1338380478 + 190444624224n"7 — 248328030784in® + 206880550320i°n° — 127231907728i°n*

49997564976i4n3 — 11395733056i°n> + 1367528712i°n — 66762840i7 + 214818976400n°

250240701600in° + 183946773576i2n* — 92284271928:3n3 + 27026916916i*n? — 4057141508:°n
240983000i% + 183541567664n° — 187075403264in* + 115919125400i%n> — 4413800458473n2

8536032158i*n — 632393370:5 + 117043258224n* — 100797821152in® + 49016821976i2n2

12503420152¢%n 4+ 119441723443* + 54070294352n3 — 37021253024in2 + 12453372392i%n — 158618372073
17118733664n% — 8290920960in + 1433654960:2 + 3325900992n — 852822144 + 299090304),

on(n) = (2n +1)(2n 4+ 2)*(2n + 3)*(2n + 4)*,

L+ 1+ + 0+ +

+
+
+
+

and

2n + 4 4
; .

om(i,n) = (—1)n+i(

Since orr(n) is nonzero when n > 0, the latter recurrence holds for all nonnegative integers n. By contrast,

711(0) = 0, and indeed the former recurrence breaks down with n = 0. Luckily for us, though, 711(n) is nonzero
when n > 1. Therefore, our recurrence for T does hold for all positive integers n.
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Observe also that the leading coefficients of the two recurrences are nonzero for all nonnegative integers n,
and so this time around we do not encounter any complications similar to the ones in the proof of Lemma 5.1.
That only leaves the initial conditions to work through. By direct computation, we see that T'(1) = S(4,1) =
14 and T'(2) = S(4,2) = 786, as needed. Our proof of Theorem 1.1 is complete. O
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