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ABSTRACT: DP-coloring (also called correspondence coloring) is a generalization of list coloring that has been
widely studied in recent years after its introduction by Dvordk and Postle in 2015. As the analogue of the
chromatic polynomial of a graph G, P(G,m), the DP color function of G, denoted by Ppp(G, m), counts the
minimum number of DP-colorings over all possible m-fold covers. Formulas for chromatic polynomials of clique-
gluings of graphs, a fundamental graph operation, are well-known, but the effect of such gluings on the DP color
function is not well understood. In this paper, we study the DP color function of K,-gluings of graphs. Recently,
-1
Becker et. al. asked whether Ppp(G,m) < ([[i, Por(G;,m))/ (Hf;ol(m — z))n whenever m > p, where
the expression on the right is the DP-coloring analogue of the corresponding chromatic polynomial formula for
a K,-gluing, G, of Gy, ...,G,,. Becker et. al. showed this inequality holds when p = 1. In this paper, we show
this inequality holds for edge-gluings (p = 2). On the other hand, we show it does not hold for triangle-gluings
(p = 3), which also answers a question of Dong and Yang (2021). Finally, we show a relaxed version, based
on a class of m-fold covers that we conjecture would yield the fewest DP-colorings for a given graph, of the
inequality holds when p > 3.

Keywords: DP-coloring; correspondence coloring; chromatic polynomial; DP color function; clique-gluing;
clique-sum
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1. Introduction

In this paper, all graphs are nonempty, finite, simple graphs unless otherwise noted. Generally speaking, we
follow West [26] for terminology and notation. The set of natural numbers is N = {1,2,3,...}. For m € N, we
write [m] for the set {1,...,m}. Given a set A, P(A) is the power set of A. If G is a graph and S,U C V(G), we
use G[9] for the subgraph of G induced by S, and we use E¢(S, U) for the set consisting of all the edges in E(G)
that have one endpoint in S and the other in U. If v and v are adjacent in G, uv or vu refers to the edge between
uw and v. For v € V(G), we write dg(v) for the degree of vertex v in the graph G and A(G) for the maximum
degree of a vertex in G. We write Ng(v) (resp. Ng[v]) for the neighborhood (resp. closed neighborhood) of
vertex v in the graph G. We use w(G) to denote the clique number of the graph G. If e € E(G), we write
G - e for the graph obtained from G by contracting the edge e. When C is a cycle on n vertices (n > 3 since
C' is simple), V(C) = {v1,...,v,}, and E(C) = {{v1,v2},{v2,v3},...,{vn—1,0n},{vn,v1}}, then we say the
vertices of C' are written in cyclic order when we write vy, ...,v,. If G and H are vertex disjoint graphs, we
write GV H for the join of G and H. When G = K1, GV H is the cone of H, and the vertex in V(G) is called
the universal verter of GV H.

1.1 List Coloring and DP-Coloring

In the classical vertex coloring problem, we wish to color the vertices of a graph G with up to m colors from [m)]
so that adjacent vertices receive different colors, a so-called proper m-coloring. List coloring is a variation on
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classical vertex coloring that was introduced independently by Vizing [24] and Erdés, Rubin, and Taylor [11] in
the 1970s. For list coloring, we associate a list assignment L with a graph G such that each vertex v € V(G) is
assigned a list of available colors L(v) (we say L is a list assignment for G). We say G is L-colorable if there is
a proper coloring f of G such that f(v) € L(v) for each v € V(G) (we refer to f as a proper L-coloring of G).
A list assignment L is called a k-assignment for G if |L(v)| = k for each v € V(G). We say G is k-choosable if
G is L-colorable whenever L is a k-assignment for G.

In 2015, Dvordk and Postle [10] introduced a generalization of list coloring called DP-coloring (they called
it correspondence coloring) in order to prove that every planar graph without cycles of lengths 4 to 8 is 3-
choosable. Intuitively, DP-coloring is a variation on list coloring where each vertex in the graph still gets a list
of colors, but the identification of which colors are different can change from edge to edge. Following [2], we
now give the formal definition. Suppose G is a graph. A cover of G is a pair H = (L, H) consisting of a graph
H and a function L : V(G) — P(V(H)) satistfying the following four requirements:

1) the set {L(u) : uw € V(G)} is a partition of V(H) of size |V (G)|;

2) for every u € V(G), the graph H[L(u)] is complete;

3) it Ey(L(u), L(v)) is nonempty, then v = v or uv € E(G);

4) if uv € E(Q), then Ex(L(u), L(v)) is a matching (the matching may be empty).

Suppose H = (L, H) is a cover of G. We refer to the edges of H connecting distinct parts of the partition
{L(v) : v € V(G)} as cross-edges. An H-coloring of G is an independent set in H of size |[V(G)|. It is
immediately clear that an independent set I C V(H) is an H-coloring of G if and only if |[I N L(u)| = 1 for each
u € V(G). We say H is m-fold if |L(u)| = m for each u € V(G) *. An m-fold cover H is a full cover if for each
wv € E(G), the matching Ey (L(u), L(v)) is perfect. The DP-chromatic number of G, xpp(G), is the smallest
m € N such that G has an H-coloring whenever # is an m-fold cover of G.

Suppose H = (L, H) is an m-fold cover of G. Suppose U C V(G). Let Hy = (Ly, Hy) where Ly is the
restriction of L to U and Hy = H[J, ¢y L(u)]. Clearly, Hy is an m-fold cover of G[U]. We call Hy the subcover
of H induced by U. Suppose G’ is a subgraph of G. Let Hg = (Lgr, Hgr) where L¢v is the restriction of L to
V(G') and Her = H[Uev (o) L(w)] = Uyvere)- o) Er(L(u), L(v)). Clearly, Her is an m-fold cover of G'.
We call Hg the subcover of H corresponding to G'.

Suppose H = (L, H) is an m-fold cover of G. We say that H has a canonical labeling if it is possible to name
the vertices of H so that L(u) = {(u,j) : j € [m]} and (u, j)(v,7) € E(H) for each j € [m] whenever uv € E(G).
Now, suppose H has a canonical labeling and G has a proper m-coloring. Then, if Z is the set of H-colorings
of G and C is the set of proper m-colorings of G, the function f: C — Z given by f(c) = {(v,c(v)) : v € V(G)}
is a bijection. Also, given an m-assignment L for a graph G, it is easy to construct an m-fold cover H' of G
such that G has an H’-coloring if and only if G has a proper L-coloring (see [2]). In fact, there is a one-to-one
correspondence between proper L-colorings of G and the H'-colorings of G. So, it is natural to consider the
problem of counting the DP-colorings of a graph G as a generalization of the chromatic polynomial of G and
the counting of list colorings of G.

1.2 Counting Proper Colorings and List Colorings

In 1912 Birkhoff introduced the notion of the chromatic polynomial with the hope of using it to make progress
on the four color problem. For m € N, the chromatic polynomial of a graph G, P(G,m), is the number of proper
m-colorings of G. It is well-known that P(G,m) is a polynomial in m of degree |V (G)| (see [4]). For example,
P(K,,m)= H:-:Ol(m —1i), P(Cp,m) = (m—1)"+ (=1)"(m — 1), and P(T,m) = m(m — 1)~ ! whenever T is
a tree on n vertices (see [26]).

We now mention a chromatic polynomial formula that will be important in this paper. Suppose that n > 2,
Gi,...,G, are vertex disjoint graphs, and 1 < p < min,ep,){w(G;)}. Choose a copy of K, contained in each
G; and form a new graph G, called a K,-gluing of G1,...,G,, from the union of Gy,...,G, by arbitrarily
identifying the chosen copies of K),; that is, if {u;1,...,u;,} is the vertex set of the chosen copy of K, in
G; for each i € [n], then identify the vertices ui j,...,u,; as a single vertex u; for each j € [p]. ¥ When
p = 1 this is called vertex-gluing, when p = 2 this is called edge-gluing (see [6]), and when p = 3 we will call
it triangle-gluing. Let @;_, (G, p) denote the family of all K,-gluings of G1,...,G,. It is well-known that for

n—1

any G € @, (Gi,p), P(G,m) =1],_, P(Gi,m)/ (Hf;ol(m — z)) whenever m > p (see [3,6]).
Clique-gluing and the closely related clique-sum are fundamental graph operations that have been used to

give a structural characterization of many families of graphs (see the discussion and examples in [18]). A simple

*Throughout the following, for any v € V(G) we always label the vertices in L(u) by (u,1), (u,2),..., (u,m).

TWhen H = (L, H) has a canonical labeling, we will always refer to the vertices of H using this naming scheme.

fThis is equivalent to the well-studied notion of clique-sum of G1,...,Gy where no edges are removed after the identification
of the cliques.
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example is that chordal graphs are precisely the graphs that can be formed by clique-gluings of cliques, while
the most famous example would be Robertson and Seymour’s seminal Graph Minor Structure Theorem ( [21])
characterizing minor-free families of graphs.

The notion of chromatic polynomial was extended to list coloring in the early 1990s [17]. If L is a list
assignment for G, we use P(G, L) to denote the number of proper L-colorings of G. The list color function
P;(G,m) is the minimum value of P(G, L) where the minimum is taken over all possible m-assignments L for
G. Clearly, P;,(G,m) < P(G,m) for each m € N. In general, the list color function can differ significantly from
the chromatic polynomial for small values of m. However, for large values of m, Dong and Zhang [8] (improving
upon results in [9], [23], and [25]) showed that for any graph G with at least 4 edges, P;(G,m) = P(G,m)
whenever m > |E(G)| — 1. Tt is also known that Py(G,m) = P(G,m) for all m € N when G is a cycle or chordal
(see [16,17]). See [13,23] for a survey of known results and open questions on the list color function.

1.3 The DP Color Function and Motivating Question

Two of the current authors (Kaul and Mudrock in [14]) introduced a DP-coloring analogue of the chromatic
polynomial to gain a better understanding of DP-coloring and use it as a tool for making progress on some open
questions related to the list color function. Since its introduction in 2019, the DP color function has received
some attention in the literature (see [1,5,7,12,14,15,19,20,27]). Suppose H = (L, H) is a cover of graph G. Let
Ppp(G,H) be the number of H-colorings of G. Then, the DP color function of G, Ppp(G,m), is the minimum
value of Ppp(G,H) where the minimum is taken over all possible m-fold covers H of G. ¥ It is easy to show
that for any graph G and m € N, Ppp(G,m) < Py(G,m) < P(G,m). Note that if G is a disconnected graph
with components: Hi, Ho, ..., H;, then Ppp(G,m) = szl Ppp(H;,m). So, we will only consider connected
graphs from this point forward unless otherwise noted.

The list color function and DP color function of certain graphs behave similarly. However, for some graphs,
there are surprising differences. For example, similar to the list color function, Ppp(G, m) = P(G,m) for every
m € N whenever G is chordal or an odd cycle. On the other hand, Ppp(Cayo,m) = (m — 1)%+2 -1 <
P(Cap42,m) whenever m > 2 (see [14]) 1. Even more dramatically, the following result recently appeared in
the literature.

Theorem 1.1 ( [7]). For graph G, let ¢ : E(G) — NU {oo} be the function that maps each cut-edge in G to
oo and maps each non-cut-edge e € E(G) to the length of a shortest cycle in G containing e. If G contains an
edge | such that L;(l) is even, then there exists N € N such that Ppp(G,m) < P(G,m) whenever m > N.

This result is particularly interesting since we know the list color function of any graph eventually equals
its chromatic polynomial. With this in mind, our motivation for this paper began with a question pre-
sented in [1]. More specifically, Theorem 1.1 tells us that the DP color function of a K,-gluing of graphs
may not eventually equal the chromatic polynomial of the resulting graph. We may wonder however if the
formula for the chromatic polynomial of a K),-gluing of graphs (ie., for any G € @._,(G;,p), P(G,m) =

[T, P(Gi,m)/ (Hf;ol(m = z)) whenever m > p) has a DP-coloring analogue.
Question 1.1 ( [1]). If p > 1, n > 2, Gy,...,G, are vertex disjoint graphs, and G € @ ,(Gi,p), is it the
case that "

< II;=: Pop(Gi,m)

(e -n)"

PDP(Ga m)

for allm > p?

In [1] it is shown that the inequality in Question 1.1 need not be an equality in all situations: when
p=1n=2 Gy = Gy = K1 V(Cy, and G is formed by gluing the universal vertices of G; and G5, then
Ppp(G,4) < (Ppp(G1,4)Ppp(Ge,4))/4. Furthermore, it is shown in [1] that the answer to Question 1.1 is yes
when p = 1. It is worth mentioning that a simpler version of Question 1.1 has also recently appeared in the
literature. Recall that a vertex v in a graph G is called simplicial if either dg(v) = 0 or G[Ng(v)] is a complete
graph.

Question 1.2 ( [7]). If v is a simplicial vertex of G, is it true that for all positive integers m > dg(v),
Ppp(G,m) < (m —dg(v))Ppp(G — {v},m)?

To see that Question 1.2 is a simpler version of Question 1.1, first note that the inequality obviously holds
when dg(v) = 0. Then, suppose v is a simplicial vertex of G with positive degree, and let ¢t = dg(v). Then, G
is a Ky-gluing of G — {v} and a copy of K;11. Dong and Yang showed in [7] that Question 1.2 has a positive
answer when dg(v) € {0, 1,2}. In this paper we make further progress on Question 1.1, and we show the answer
to Question 1.2 is no when dg(v) = 3.

§We take N to be the domain of the DP color function of any graph.
Y These results on the DP color functions of cycles and chordal graphs will be useful to keep in mind for this paper.
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1.4 Outline of the Paper and a Conjecture

We now present an outline of the paper. In Section 2 we show that the answer to Question 1.1 is yes for
edge-gluings (p = 2) which generalizes the result of Dong and Yang [7] that shows the answer to Question 1.2
is yes when dg(v) = 2.

Theorem 1.2. Suppose that G1,...,G, are vertex disjoint graphs for some n > 2 with w;v; € E(G;) for each
i € [n]. Suppose that G is the graph obtained by identifying u,...,u, as the same vertex u and vy,...,v, as
the same vertex v. Then

Ppp(G,m) <[, Pop(Gi,m)/(m(m —1))"~! whenever m > 2.

We end Section 2 by showing how the techniques, including the relevant concepts of “gluing” and “splitting”
covers of graphs, used to prove Theorem 1.2 yield a new method for finding the formulas of the DP color
functions of chorded cycles .

In Section 3 we show that the answer to both Questions 1.1 and 1.2 is no for p = 3 and dg (v) = 3 respectively.
We construct a counterexample with a graph based on tessellations of an appropriate number of triangles in
K1V 0O(2,2,2) where ©(2,2,2) consists of a pair of end vertices joined by three internally disjoint paths each
of length two **.

While the answers to Questions 1.1 and 1.2 are unknown for each p > 4 and dg(v) > 4 respectively, our result
in Section 3 makes us suspect both questions have a negative answer for each of these values. Nevertheless, in
Section 4 we show that the answer to a relaxed version of Question 1.1 is yes. Specifically, suppose p > 1, and G
is a graph such that {v1,...,v,} is a clique in G, and let K = {v1,...,v,}. We say an m-fold cover H = (L, H)
of G is conducive to {v1,...,vp} if H is full and the m-fold cover Hx of G[K] admits a canonical labeling. The
K -canonical DP-Color Function of G, P, p(G, K, m), is the minimum value of Ppp(G,H’) where the minimum
is taken over all m-fold covers H' of G conducive to K. Clearly, Pj,p(G, K, m) > Ppp(G, m), and in fact, the
construction in Section 3 yields the only example, of which we are aware, of a graph G and clique K in G for
which P, p(G, K, m) > Ppp(G, m) for some m € N. So, the following result gives an affirmative answer to a
relaxed version of Question 1.1.

Theorem 1.3. Suppose that Gi,...,G,, are vertex disjoint graphs for some n > 2 and G € @;_,(G;, p) where
foreachi € [n], K; = {u;1,...,uip} is a cligue in G; and G is obtained by identifying u1 q, ..., Un,q as the same
vertex u, for each g € [p]. Let K = {uy,...,up}. Then Ppp(G,K,m) < [[\y Ppp(Gi, Kiym)/(ITT'=) (m —
i))"~1 whenever m > p.

Suppose that K is a clique in G. It is not hard to see that when |K| € [2], P,,p(G, K,m) = Ppp(G,m) for
all m € N. So, Theorem 1.3 implies Theorem 1.2. T As we already mentioned, our counterexample in Section 3
demonstrates that this equality need not hold when |K| = 3, but only for a small value of m (i.e., m = 4). This
motivates the following conjecture.

Conjecture 1.1. Suppose that K is a clique in a graph G with |K| > 3. Then, there is an N € N such that
PLp(G,K,m) = Ppp(G,m) whenever m > N.

If true, Conjecture 1.1 would yield an affirmative answer to both Questions 1.1 and 1.2 for sufficiently large m
by Theorem 1.3. However, the truth of Conjecture 1.1 would actually say something quite deep about the nature
of sufficiently large covers that yield the fewest colorings: Given any graph G, clique K in G, and sufficiently
large m, there must be an m-fold cover H of G such that Ppp(G,H) = Ppp(G,m) and H is conducive to K.

2. Edge-Gluings

In this section, we will prove Theorem 1.2. We begin with some notation that will be used throughout the paper.
Whenever H = (L, H) is an m-fold cover of G and P C V(H), we let N(P,H) be the number of H-colorings
containing P. The following proposition will be of fundamental importance throughout the paper.

Proposition 2.1 ( [14]). Suppose T is a tree and H = (L, H) is a full m-fold cover of T. Then, H has a
canonical labeling.

We now present two important definitions that will be used in this section. We define separated covers, a
natural analogue of “splitting” an m-fold cover of G € EB?:I(Gi, p) into separate m-fold covers for each G; (this
notion was first defined in [1]).

IThe DP color functions of all chorded cycles were determined in [14] using a different technique.
**More generally, a Theta graph O(l1,l2,l3) consists of a pair of end vertices joined by 3 internally disjoint paths of lengths
l1,l2,13 € N.
TTWe still give a direct proof of Theorem 1.2 as the concepts introduced in Section 2 are of independent interest, easier to apply,
and help motivate our study of conducive covers.
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Definition 2.1. For some n > 2, suppose that G1,...,Gy are vertex disjoint graphs such that {u;1,...,u; p}
is a clique in G; for each i € [n] and some p € N. Let G be the graph obtained by identifying ui g, ..., Un,q aS
the same vertex u, for each q € [p]. Suppose H = (L, H) is an arbitrary m-fold cover of G. For each i € [n],
the separated cover of G,; obtained from H is an m-fold cover H; = (L;, H;) of G; defined as follows.
Assume that L(z) = {(x,j) : j € [m]} for each x € V(G). Let Li(z) = {(z,7) : j € [m]} for each z € V(G;).
Construct edges of H; so that H; is isomorphic to H| = H{(Usev e —tfur g qepn L) U (U]Z=1 L(ug))] and
f:V(H]) — V(H;) given by

f((z,5)) = {(;v,j) if v € V(G;) —{uiq : q € [pl}

(Wig,J) if x = ug for some q € [p]
is a graph isomorphism.

Given vertex disjoint graphs G, ...,G,, we define amalgamated cover, a natural analogue of “gluing” m-
fold covers of each G; together so that we get an m-fold cover for some G € @ ,(G;,2). In addition to
specifying the graphs G;, and the glued edge in each graph that leads to GG, we also need an ordered list of
permutations, F' = (fa,..., fn). F is simply a convenient device for keeping track of which edges in the covers
of G; corresponding to the glued edge are identified in the amalgamated cover of G. A generalization of this
definition and its illustration is given in Section 4.

Definition 2.2. For some n > 2, suppose that Gi,...,G, are verter disjoint graphs such that u;v; € E(G;)
for each i € [n]. For each i € [n], suppose H; = (L;, H;) is an m-fold cover of G;. Let fry1 be a permutation of
[m] for each k € [n — 1], and let F = (fa,..., fn). Let G be the graph obtained by identifying u, ..., u, as the
same vertex u and by identifying vy, ...,v, as the same vertex v. The F-amalgamated m-fold cover of G
obtained from Hi,...,H, is an m-fold cover H = (L, H) of G defined as follows. In the special case where
n =2, we may also say fa-amalgamated m-fold cover of G obtained from Hy, and Hs.

For each i € [n], assume L;(x) = {(z,j) : j € [m]} for each x € V(G,;). For each i € [n], rename the vertices
in Li(v;) so that (u;,j)(vs,j) € E(H;) for each j € [m]. Let L(z) = {(x,j) : j € [m]} for each x € V(QG).
For each i € [n], let X; be the set of edges in H; that are incident with at least one element in L;(u;) U L;(v;).
Construct edges in H so that H[L(u)] and H[L(v)] are cliques and H contains the edges in J;_, (E(H;) — X;).
Then for each j € [m] and k € [n — 1], whenever (z,r)(u1,j) € E(H1) where (z,7) ¢ Li(u1) U L1(v1) or
(x,7)(ugt1, fe+1(4)) € E(Hgy1) where (x,r) & Ligy1(ugs1) U Lip1(vey1), construct the edge (z,7)(u,j) in
H. For each j € [m] and k € [n — 1], whenever (x,r)(v1,j) € E(Hy) where (x,r) ¢ Li(u1) U Ly1(v1) or
(z, ") (Vgt1, fot1(4)) € E(Hi+1) where (x,7) ¢ Liy1(ug41) U L1 (vit1), construct the edge (z,7)(v,7) in H.
Finally, for each j € [m], construct the edge (u,j)(v,j) in H.

Although the details of this definition are unavoidably technical, the underlying idea is simple. The F-
amalgamated cover H = (L, H) for G is obtained by using F to identify one edge from each of Egy, (L1 (u1), L1(v1))
En,(La(uz), La(v2)),..., B, (Ln(un), Ly (vy)) as a single edge in H a total of m times. Then, the original covers
are preserved on the portion of each graph that excludes the glued edge.

Before proving Theorem 1.2, we need a lemma.

Lemma 2.1. Suppose that G and Gy are vertex disjoint graphs. Suppose that m € N and that H; = (L;, H;) is
an m-fold cover for G; for each i € [2]. Suppose that uw;v; € E(G;) for each i € [2]. Suppose f is a permutation
of [m]. Let G be the graph obtained by identifying w1 and us as the same vertexr u and identifying vi and
vg as the same vertex v, H be the f-amalgamated m-fold cover of G obtained from Hi and Hs, and D =
D iat 2ot N{(u, 1), (vi,2) }, Ho) N ({(uz, f(51)), (v2, f(52))}, H2). Then Ppp(G,H) = D which implies
PDP(G7 m) <D.

Proof. Note Ppp(G,H) = 27:1 > N{(u, i), (v, )}, H) and N({(u,i),(v,5)},H) = 0 when (u,i)(v,j) €
E(H). Let P = {(u,j1),(v,72)} where j1,j2 are fixed elements of [m] and (u,j1)(v,j2) ¢ E(H). We will
determine N(P,H). Let P, = {(u1,71), (v1,42)} and Po = {(u1, f(j1)), (v1, f(42))}. Let Z; be the set of all
H1-colorings of (G; that contain P;, Z5 be the set of all Ha-colorings of G that contain P», and Z be the set of all
H-colorings of G that contain P. Let g : Zy XZo — T be the function given by ¢((I1, I2)) = (I1 —P1)U(I;—P2)UP.
Tt is easy to check that (I3 — Py) U (Is — Py) U P is an independent set of size |V(G)| in H. Also, g is a bijection.
As such, N(P,H) = |Z| = |T1||Z2| = N(P1,H1)N (P2, Hz). Therefore, Ppp(G,H) = D which implies that
PDP(G, m) S D. O

We are now ready to prove Theorem 1.2.

Proof. The proof is by induction on n. We begin by proving the result for n = 2. Suppose H; = (L;, H;)
is a full m-fold cover of G; such that Ppp(G;, H;) = Ppp(Gi,m), Li(u;) = {(ui,7) : j € [m]}, and L;(v;) =
{(vi,7) : j € [m]} for each i € [2]. Assume (v;,j)(us,j) € E(H;) for each ¢ € [2] and j € [m]. Let a;, j, =
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N({(vlajl)’ (u17j2)}’H1)7 bj17j2 = N({(v27j1)a (uQan)}aHQ)’ X = [m}’ and D, = Zgzl Z;‘?:l a’jl’jzba(jl)ﬁ(j’z)
where 0 € Sx and Sx is the symmetric group on X. By Lemma 2.1, we know that Ppp(G,m) < D, for each
o € Sx. Notice Ppp(Gi,m) = >0 _ 30y aj, j,, Pop(Gaym) =320 30 by j,, and aj; = bj; = 0 for
each j € X. Suppose ¢,7,71,j2 € X such that ¢ # r and j; # jo. Notice that b, , occurs (m — 2)! times in
ZO’ESX bU(j1),U(j2) which means ZO’ESX bU(j1),U(j2) = (m - 2)!PDP(G2,TTL>. Thus,

Y Do= > D> ahibetet) = D D s D Doi)oli)

o€Sx o€Sx j2=1j1=1 Jj2=1j1=1 o€Sx

= PDp(Gl,m)(m - 2)!PDP(G2,m).

So, there is a ¢’/ € Sx such that

ZUESX Dy _ PDP(lem)PDP(GQa m)

Pop(G,m) < Dy < _
pp(Grm) < m! m(m — 1)

Now suppose n > 3 and the result holds for all natural numbers greater than 1 and less than n. Let G’ be
the graph obtained by identifying u1,...,u,_1 as the same vertex v’ and vy,...,v,_1 as the same vertex v’.
By the inductive hypothesis, for each m € N,

, [1° Por(Gi,m)
Por@Lm) < == 1))

Notice G is the graph obtained by identifying v’ and u,, as the same vertex u and v’ and v,, as the same vertex
v. Thus, by the inductive hypothesis,

PDP(G/, m)PDp(Gn, m)
m(m —1)

[[i=, Pop(Gi,m)
(m(m — 1)1

PDP(G,m) < <

O

We now wish to present an application of the ideas presented in this section. Specifically, we will use the
ideas developed in this section to determine the DP color function of all chorded cycles. First, we mention a
result from [1].

Proposition 2.2 ( [1]). Suppose that Gi,...,G, are vertex disjoint graphs where n > 2 and G € @;_,(Gi,p)
where for each i € [n], {ui1,...,uip} is a clique in G; and G is obtained by identifying w1 q, ..., Un,q as the
same vertex uq for each q € [p|. Suppose that for each i € [n], given any m-fold cover D; = (L;, D;) of G,
N(A,D;) > Ppp(Gy,m)/ [1=; (m — i) whenever A C Us—1 L(uiyg), [AN L(uig)| = 1 for each q € [p], and A is
an independent set in D;. Then

o lizy Pop(Gim)

C(msmen)

Now, we have a corollary that follows immediately from Proposition 2.2 and Theorem 1.2.

PDP(G,m)

Corollary 2.1. Suppose that G, ...,G, are vertex disjoint graphs for some n > 2 with u;v; € E(G;) for each
i € [n]. Suppose that G is the graph obtained by identifying ui, ..., u, as the same verter u and vy,...,v, as
the same vertex v. Also suppose that for each i € [n] and any m-fold cover H; = (L;, H;) of G; with m > 2,
N({p1,p2},Hi) > Ppp(Gi,m)/(m(m — 1)) for each p1 € L;(u;) and pa € L;(v;) where p1ps ¢ E(H;). Then

Ppp(G,m) = r{%énfDPl()C;:T)

We now show that the hypothesis of Corollary 2.1 is satisfied when G; is an odd cycle. This will ultimately
allow us to determine the DP color function of any chorded cycle that can be constructed by edge-gluing two
odd cycles.

Lemma 2.2. Suppose that G = Capy1 where k € N.  Also suppose that H = (L,H) is an arbitrary m-
fold cover of G where m > 2. For each uwv € E(G), whenever p1 € L(u), p2 € L(v), and pips ¢ E(H),
N({p1,p2},H) > Ppp(G,m)/(m(m —1)).

Proof. Suppose that the vertices of G in cyclic order are si,...,S2,+1. We can assume that H is full. Let
G’ = G—{s152}. Since G’ is a tree, the subcover of H corresponding to G', H' = (L, H'), has a canonical labeling
by Proposition 2.1. Suppose the vertices of H are named according to this canonical labeling. Let G” = G- 5152
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where the vertex obtained from contracting s;s is s'. ¥ Suppose p; = (s1,71), P2 = (52,72), and pips ¢ E(H).
Notice that N({p1,p2}, H) = N({p1,p2}, H'). We will show that N({p1,p2},H’) > Ppp(G,m)/(m(m — 1)) for
each of the following cases: (1) j1 # j2 and (2) j1 = Jo.

In case (1), assume that j; # jo. Notice N({p1,p2}, H’) is the number of proper m-colorings of G that color
s1 with j; and s9 with j3. Thus,

N({pn. ). ) = D) Lo G,

In case (2), assume that j; = jo = j. Notice N({p1,p2}, H’) is the number of proper m-colorings of G” that
color s’ with j. Thus,

/ P(Cyy, “ 12+ 4 (= 1)2  Ppp(C 7
N({p1,p2}, H') = (Cak,m) — (m —1) (m—1) S pP(Coks1 m).

m m(m — 1) m(m —1)

The next result easily follows from Corollary 2.1 and Lemma 2.2.

Corollary 2.2. Suppose that Gi,...,G, are vertex disjoint odd cycles with w;v; € E(G;) for each i € [n].
Suppose that G is the graph obtained by identifying uq, ..., u, as the same vertex u and by identifying v1, ..., v,
as the same vertex v. Then for each m > 2,

Por(Gm) = L P

We are now ready to determine the DP color function of all chorded cycles.

Proposition 2.3. Suppose that G; = C),, where i € 2] and n; > 3. Suppose w;v; € E(G;) for each i € [2]. Let
G be the graph obtained by identifying uy and ug as the same vertex u and by identifying v1 and ve as the same
vertex v. Then for each m > 3, if n1 and ng are even, then

Ppp(G,m) = % (m— 1)+ (= )™ — (m— 1) — - 1).

Otherwise,
Ppp(G1,m)Ppp(Ga,m)
m(m — 1)

Proof. By Corollary 2.2, Ppp(G,m) = Ppp(G1,m)Ppp(G2,m)/(m(m — 1)) when n; and ns are odd.

Let H = (L, H) be an m-fold cover of G such that Ppp(G,H) = Ppp(G,m). We can assume that # is full.
For each i € [2], let H; = (L;, H;) be the separated cover of G; obtained from H where u; 1 = u; and u; 2 = v;.
Let f be the identity permutation of [m]. Then H is the f-amalgamated m-fold cover of G obtained from H;
and Hs (By Definition 2.2, recall that we assume the vertices of L;(v;) are renamed so that (u;, j)(v;,5) € E(H;)
for each ¢ € [2] and j € [m]). By Lemma 2.1,

Ppp(G.H) =320 1 27 =1 (N({(u, 1), (vi,2) , Ha) N ({(uz, 1), (v2, )}, Hz)).

For each i € [72], let H; = (L;, H]) be the subcover of H; corresponding to G} where G} = G; — {u;v;}. Since
G/ is a tree, H} has a canonical labeling by Proposition 2.1. Suppose the vertices of H] are named according
to a canonical labeling. Let 7; and r; be the permutations of [m] so that (u;,7) € V(H;) is called (u;, :(4))
in H] and (v;,j) € V(H;) is called (v, ri(4)) in H]. Notice that when j1 # jo, N({(ui,j1), (vi,j2)}, Hi) =
N({(us, r3(41)), (vi, i (G2)) }, Hy) for i € [2]. Also, if j1 = ja, N({(uws, 1), (vi,j2)},Hi) = 0 for i € [2]. Let
G/ = G, - u;v;, and suppose that w; is the vertex obtained from contracting u;v;. Assume that a; and ag are
fixed elements of [m] such that a1 # as.

Consider the case where n; = 2k 4 1 for some k£ € N. By Lemma 2.2,

N({(us,ri(ar), (vi,71(a2)) 1) = Pop(Giym)/(mlm — 1)) = ((m — 1% — 1)/m.

Now, consider the case where n; = 2142 for some [ € N. Then when r;(a1) # ri(az2), since H, has a canonical
labeling, N({(us,r;(a1)), (vi,ri(az))}, H;) is the number of proper m-colorings of G; that color u; with r;(a1)
and v; with r(az). Thus,

PDP(G,m) =

m m— 1)21+1
N({(us, riar)), (vi,ri(az))}, 1) = PTELC(;QTZ;E’D) - lzn .

#When k = 1, we ignore the multiple edge so that G/ = P,. Throughout this paper, we assume that Co = P,. Notice that
P(C2,m)=(m—1)24+ (m —1) =m(m — 1) = P(P2,m).
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When 7;(a1) = ri(a2) = j, since H} has a canonical labeling, N ({(u;,7i(a1)), (vi,7i(a2))}, H;) is the number of
proper m-colorings of G/ that color w; with j. Thus,

m m— 124 (g —
N({(us i), (v, aa)) . ) = D Ce0m) _ fm 2 DFE — (m = )

Notice there are at most m pairs (j1, j2) in the set [m|>—{(i,7) : i € [m]} such that N ({(u;,r:(j1)), (vi, 75 (j2))}, H}) =
((m—1)2+1—(m—1))/m since there can be at most m pairs (ji, j2) € [m]? such that 7;(j;) = r.(j2). This implies
that there are at least m(m—2) pairs (41, j2) € ([m]>—{(i,4) : i € [m]}) such that N ({(u;,7:(41)), (vi,7i(52))}, Hi) =
((m—1)2*1 +1)/m.

We now are ready to prove the result when exactly one of the numbers ni,ns is odd. Suppose without loss
of generality nq = 2k + 1 and ny = 2l + 2 for some k,l € N. We calculate

Ppp(G,H)
= > N({(u1,41), (v1,52)}, Hi)N({(uz, j1), (va, j2) }, Ho)
(41,42)€[m]?, j1#j2
= > N({(u1,m1(51))s (vi, 71 (52)) } HON ({ (2, 72 (1)), (v2,75(2)) }, H3)
(41,32)€E[m]?, j1#72
m— 1)2%
> Ml S N (G raln), (e 7)) )
(41,92) €[m]?, j1#£j2
> (m—1)% —1 (m(m — 12+ — (m —1)

_ +mim — ) =)

_ (m =1 —(m —1) o — 22 _ q) = Por(Gr,m)Ppp(Ga,m)
B m(m — 1) (( 1 1) = m(m — 1)

This calculation along with Theorem 1.2 implies that
,PDP(G7 m) = PDP(Gh m)PDp(G27 m)/(m(m — 1))

Finally, we turn our attention to the case where both n; and no are even. For this case we need the
Rearrangement Inequality (see [22] for further details) which says: For n € N, suppose that for each (i,5) €
[2] x [n], z(; ;) is a nonnegative real number so that x(; 1y < --- < (5, for each i € [2]. Let o; be an arbitrary
permutation of [n] for each i € [2]. Then >0 T ny1-)T(@2) < Die1 T(1,01 ()T (2i02())-

Suppose n; = 2k + 2 and ny = 21 + 2 for some k,l € N. Using the facts above and the Rearrangement
Inequality, we obtain:

PDP(Ga H)
= > N({(ur, 1), (1, 72)}, H) N ({(uz, 1), (02, J2)}, Ho)

(J1,32)€[m]?, j1#j2

= > N({(ur,71(51))s (vi,71(52)) }, H)N ({ (w2, m2(51))s (v2, 75(52)) }, Ha)

(41,32)€[m]?, j1#52

>m ((m 1241 — (mq — 1)) ((m 1)2k+1 +1>

. Y (1 )
. m(gn _3) (W(Lm _ 1)2)l+§+ 1) <(mnz 1)2k+1 4 1))

((m _ 1)2l+2k+3 _ (m _ 1)2l+1 _ (m _ 1)2k+1 —m— 1)

3|=3~

((m — el (g - el (- 1) - — 1) )

Thus, Ppp(G,m) > ((m —1)™+m2=1 — (m — )™~ — (m —1)™ "t —m —1) /m.
To finish the proof we will construct an m-fold cover H' = (L', H') of G such that

Ppp(G,H') = ((m—1)m+m2=t — (m—1)"27"1 — (m —1)™~! —m —1) /m. In order to build ', we will first
construct an m-fold cover H} = (L}, H]) of G; for each ¢ € [2]. For each i € [2], let Li(z) = {(z,j) : j € [m]}
whenever = € V(G;). Construct edges in H] so that L}(z) is a clique in H/ for each z € V(G;). Then, for
each zy € E(G;) — {u;v;} construct the edge (z,5)(y,7) in H] for each j € [m]. Finally, construct edges in
Hj so that {(u1,7)(v1,7+ 1) : 5 € [m — 1]} U{(u1,m)(v1,1)} C E(Hjp), and construct edges in H) so that
{(u27j)(v27j + 2) ‘JE€ [m - 2]} U {(u2a m— 1)(U27 1)7 (u27m)(027 2)} - E(Hé)
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Now, for each i € [2], let H) = (L}, H') be the m-fold cover of G; where H/ is the same graph as H]
except the vertices of L}(v;) are renamed so that (u;,j)(vi,j) € E(H;) for each j € [m]. Specifically, for any
J € [m], the vertex (v1,7) € V(HY) is called (v, (j mod m)+1) in Hy, and the vertex (vs,j) € V(HY) is called
(v, (j +1 mod m) + 1) in Hj. Let f be the identity permutation of [m] and H be the f-amalgamated m-fold
cover of G obtained from #HY and 5. By Lemma 2.1,

Ppp(G,H) Z Z {(u1, 1), (v1,42) }s HYN ({(u2, j1), (v2, j2) } HY)

= N({(u1, 1), (vi,52) 1, HY)N ({(u2, 1), (v, J2) }, Hs)-

(J1,52)€[M]?, j1#72

Furthermore, we know

N({(u1,51), (v1,52)}, Hi) = N({(u1,41), (v1, (j2 mod m) + 1)}, H1)

and
N({(u2, 1), (v2,72)}, Hy) = N({(u2, j1), (va, (jo + 1 mod m) + 1)}, Hs).
So,
N({(u1,41), (v1,42)}, HY) = ((m = 1)** — (m — 1)) /m

when j; = (jo mod m) + 1, and N({(u1,41), (v1,52)}, HY) = ((m — 1)?**1 4+ 1)/m for all other (ji,j2) €
(Im]* = {(3,4) : @ € [m]}). Similarly, N({(uz,51), (v1,72)}, H5) = (( — 1?1 — (m — 1))/m when j; =
(j2 +1 mod m) +1, and N({(uz, 1), (v2,j2)}, Hy) = ((m —1)*** +1)/m for all other (ji1,j2) € ([m]* —{(i,9) :
i € [m]}). An easy calculation then yields:

Pop(G,H )= = ((m—1)"t" - (m—1)"" — (m -1 —m —1)

1
m

which completes the proof. O

3. A Counterexample for Triangle-Gluings

In this section,a we will show that there exists a graph G such that G*, a triangle gluing of G and K4, satisfies
Ppp(G*,m) > Ppp(G,m)Ppp(Ky,m)/(m(m — 1)(m — 2)) for m = 4. This gives us a counterexample to an
affirmative answer for Questions 1.1 and 1.2 with p = 3 and dg(v) = 3 respectively.

Let Go = K1 V 9(2,2,2). Let w be the universal vertex in Gy. In the copy of ©(2,2,2), let v1, ve be the
degree 3 vertices and w1, us, us be the degree 2 vertices. In the following, we will denote Go[{v1, va, u1, us, us}]
by G'.

Lemma 3.1. PDP(G0,4) <104 < P(G074) = 120.

Proof. Since ©(2,2,2) is isomorphic to K3 3, and P(K33,3) = 30, it follows that P(Go,4) = 120. To complete
the proof, we now argue that Ppp(Gg,4) < 104.

We construct a 4-fold cover H = (L, H) of Go. Let L(u) = {(u,5) : j € [4]} for u € V(Gy). The cross-
edges are defined for each j € [4] as: (u,j)(v,j) € E(H) whenever uv € ( (Go) — {viuz,vius}); (v1,7)(use, (j
mod 4) + 1) € E(H); (v1,7)(us, (7 +1 mod 4) +1) € E(H).

We claim that N((w,j),H) = 26 for each j € [4]. This will imply that Ppp(Go, H) = 104, since w is the
universal vertex in Gy.

We will count the number of possibilities for picking vertices in H to form an H-coloring I of Gy. Without
loss of generality, suppose (w,1) € I. Then I can not contain any vertices in {(u;,1) : 4 € [3]} U {(v;,1) : j €
[2]}. Let H’ be the subgraph of H that remains after removing L(w) and the five vertices in this set. Let
L'(u) ={(u,j) : j € {2,3,4}} for u € {v1,v2,u1,u2,us}. Then, H' = (L', H') is a 3-fold cover of G’ (recall G’ is
a copy of ©(2,2,2), or equivalently K» 3). Clearly N((w,1),H) equals Ppp(G’, H'), the number of H'-colorings
of G'.

Let H"” be the subcover of H' corresponding to G’ = G’ — {vyus,vius}. It is immediately clear that H” is
a full 3-fold cover of G”. Since G” is a tree, H" has a canonical labeling (by Proposition 2.1) and there are 48
H"-colorings of G’. To find Ppp(G’',H'), we need to determine the number of these H"-colorings of G” that
are not also H’-colorings of G’ and subtract this number from 48.

Note {(v1,2)(u2,3), (v1,3)(u2,4)} = En/(L'(v1), L' (uz2)). Let A be the set of all H”-colorings containing
(v1,2) and (ug,3), and B be the set of all H”-colorings containing (v, 3) and (uz,4). Then |A| = |B| = 6.
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Similarly, note {(v1,2)(us,4), (v1,4)(us,2)} = Eg/(L'(v1), L' (u3)). Let C be the set of all H"-colorings
containing (v1,2) and (us,4), and D be the set of all H"-colorings containing (v1,4) and (us,2). Then |C| =
|D| = 6.

Notice A, B,C, D are pairwise disjoint except |[A N C| = 2. Hence |AU B U C U D| = 22. Therefore, there
are 48 — 22 = 26 H’-colorings of G’ and N((w,1),H) = 26, as claimed. O

Next, we will prove that any “precoloring” of vertices of a K3 in GGy can be extended to an H-coloring of G
for any 4-fold cover ‘H of Gy. In the following, if x,y, z are the vertices of a clique of order 3 in a graph G, we
will say that zyz is a triangle in G.

Lemma 3.2. Let x1zox3 be a triangle in Go. Let H = (L, H) be any 4-fold cover of Gy. Then,

N({plap27p3}7H) Z 1

whenever {p1,p2,p3}, with p; € L(x;), is an independent set in H.

Proof. Note that w, the universal vertex in Gy, must be one of x1,zs, 3. When we remove z1, 2,3 from
Go, we are left with a copy of P;. Let y; be the vertex of highest degree in Gg — {x1, 2,23}, and ya, y3 be
the remaining two degree 1 vertices. Starting with the given vertices {p1, p2,p3}, we can greedily complete an
‘H-coloring of G picking either of two available vertices in L(y; ), followed by the vertices available in L(ys) and
L(ys). 0

The final ingredient in the construction is the following operation (sometimes called a tessellation) on a
graph G containing a triangle abc: T(G, abc) is the graph obtained from G by adding a new vertex d along
with edges that make d a common neighbor to the vertices a, b, c. Note that T(G, abc) creates a graph that is
equivalent to a triangle-gluing of G with a Kj.

Gy has a total of 6 triangles (each of the form wv;u;, i € {1,2},j € {1,2,3}). Let us name the triangle
wviuy as tp and arbitrarily name the remaining five triangles as ¢;, ¢ € {2,...,6}. Let Gy = T(Gg_1,1x) for
each k € [6]. We will use the name d; for the new vertex introduced in G; for each i € [6].

Lemma 3.3. If G1,...,G5 are not counterexamples for an affirmative answer to Question 1.1, then Gg is such
a counterexample.

Proof. Let G* = Gg. Note that Ppp(K4,4) = 24. So, the hypotheses of the Lemma imply that for each i € [5],
PDP(Gi74) < PDP(Gi_1,4)PDp(K4,4)/24; that is, PDP(G0,4) > PDP(G1,4) > PDP(G2,4) > PDP(G3,4) >
Ppp(Gy,4) > Ppp(Gs,4). To show G* is a counterexample, we will show that Ppp(G*,4) > Ppp(Go,4).

For the sake of contradiction, assume Ppp(G*,4) < Ppp(Go,4). We know Ppp(Gy,4) < P(Gy,4) by
Lemma 3.1. Let H* = (L*, H*) be a 4-fold cover of G* that gives the minimum number of DP-colorings of G*,
Ppp(G*,4) = Ppp(G*,H*). Let Ho = (Lo, Hy) be the subcover of H* induced by V(Gy).

Suppose Hg has a canonical labeling. Then we have P(Gp,4) = 120 Hp-colorings of Gg. Since each of the
new tessellation vertices dy,...,ds in G* is of degree 3, each of these Hy-colorings can be extended to an H* of
G*. This contradicts Ppp(G*,4) < P(Go,4). Thus, H, has no canonical labeling.

We will now rename the vertices of Hy and H* as L*(u) = Lo(u) = {(u,j) : j € [m]} for all u € V(Gp) — {w}
in such way that the cross-edges of Hy incident to vertices in Lo(w) are of the form (w,j)(v,j) for each
v # w in V(Gp). Since Hp has no canonical labeling, at least one of the matchings Ep,(L(u), L(v)), where
u,v € V(Gp) — {w}, is twisted; that is, there exists an | € [4] such that (u,l)(v,l) ¢ E(Hy). Without loss
of generality, we can assume that the matching Fp,(L(u1), L(v1)) is twisted. Importantly, this implies that if
Hi = (L1, H;) is the subcover of H* induced by {w,u1,v1}, then H; does not have a canonical labeling (see
the argument for Lemma 14 in [15]). Let d = d;. Recall d is the tessellation vertex introduced in the triangle
wuyv1. We can now rename the vertices of L*(d), L*(uq), and L*(v1) such that the cross-edges of H* incident
to the vertices of L*(d) are of the form (d, j)(v, j) for each v € {w, u1,v1}. Also, rename the vertices of Lo(uy)
and Lo(vp) in the same way the vertices of L*(u;) and L*(v1) were renamed.

Using the naming schemes described above for Hy and H*, let Cy be the set of all Hg-colorings of Gy, and
let C* be the set of all H*-colorings of G*. Since each of the new tessellation vertices, d;, has degree 3, each
Ho-coloring of Gy can be extended to a H*-coloring of G*. Hence the following function is well-defined. Let
f:Co— P(C*) be given by fo(I)={C eC* : I CC}.

By definition, f(I) N f(J) = 0 for I # J. And, as noted above, |f(I)] > 1 for all I € Cy. This means
PDP(G0,4) < PDP(GO,HO) < ZIECO ‘f([)‘ < ‘C*‘ = PDP(G*,H*) = PDP(G*,4). Next, we will argue that,
in fact Ppp(Go,Ho) < >-rec, | £(I)], which will lead to a contradiction to our assumption that Ppp(Go,4) >
Ppp(G*,4).

Let Ho = (La, Ha) be the subcover of H* induced by {w,v1,u1} (note that Hy; and Hs are isomorphic but
may have different vertex names) and Cy be the set of all Ha-colorings of Go[{w,v1,u1}]. Since Hs has no
canonical labeling, the argument for Lemma 23 in [14] implies that Ppp(Go[{w,v1, u1}], H2) > P(Cs,4) which
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means Ppp(Go[{w,v1,u1}],Ha) > 25. So, there exists A = {(uq,1), (v1,7), (w,)} € Ca such that |{i,7,1}| < 2.
By Lemma 3.2, there exists a D € Cy such that A C D. Since |L*(d) — {(d,1), (d, ), (d,1)}| > 2, |f(D)| > 2.
This implies Ppp(Go, Ho) < D _rec, [F ()], as claimed. O

4. General Gluings

The issue with trying to generalize the proof of Theorem 1.2 to K,-gluings with p > 3 is that Definition 2.2
does not easily generalize to K3-gluings. In particular, the part of Definition 2.2 where we rename vertices so
that (u;,7)(vs, j) € E(H;) for each j € [m] may not be possible when a cycle is present in the clique we are
gluing. The counterexample in Section 3 shows that this issue is sometimes unavoidable. So, in this section we
prove a weaker result by not considering all full covers; that is, we prove Theorem 1.3.

Suppose p > 1 and G is an arbitrary graph such that K = {vi,...,v,} is a clique in G. Recall that an
m-fold cover H = (L,H) of G is conducive to K if H is full and the m-fold cover Hx of G[K] admits a
canonical labeling. Unless otherwise noted, if H = (L, H) is conducive to {v1,...,v,}, we will assume that
L(vg) = {(vyq,7) : j € [m]} for each ¢ € [p] and that {(vq,7) : ¢ € [p]} is a clique in H for each j € [m].

Suppose G is an arbitrary graph, K is a clique in G, and m € N. The K-canonical DP-Color Function of
G, P,p(G, K, m), is the minimum value of Ppp(G,H) where the minimum is taken over all m-fold covers of G
conducive to K. Clearly, P,,p(G, K,m) > Ppp(G,m). We are now ready to present an important generalization
of Definition 2.2.

Definition 4.1. For some n > 2, suppose that G1,...,Gy are vertex disjoint graphs such that {u;1,...,u; p}
is a clique in G; for each i € [n]. For each i € [n], suppose H; = (L;, H;) is an m-fold cover of G; conducive
to {ui1,...,u;ip}. Let frr1 be a permutation of [m] for each k € [n — 1], and let F' = (fa,..., fn). Let G be
the graph obtained by identifying u1 g, ..., Un 4 as the same vertex uq for each q € [p]. The F-amalgamated
m-fold cover of G obtained from Hi,...,H, is an m-fold cover H = (L, H) of G defined as follows. In the
special case where n = 2, we may also say fo-amalgamated m-fold cover of G obtained from Hy and Hs.

For each i € [n], assume L;(x) = {(z,7) : j € [m]} for each x € V(G;). For each i € [n|, let X; be the set
of edges in H; that are incident to at least one element in \Ji_, Li(uiq). Let L(z) = {(x,j) : j € [m]} for each
x € V(G). Construct edges in H so that for each q € [p], L(u,) is a clique in H. Construct edges in H so that
U, (E(H;) — X;) C E(H). Then for each j € [m], k € [n — 1], and q € [p], whenever (z,7)(u1,4,5) € E(Hi)
where (x,1) ¢ ngl Li(u1,q) or (x,7)(Uk+1,9, fo+1(J)) € E(Hgs+1) where (z,7) ¢ Uf;:l Lyt1(ukt1,4), construct
the edge (x,7)(uq,j) in H. Finally, construct edges in H such that {(uq,j) : q € [p]} is a clique in H for each
j € [m].

Clearly, the F-amalgamated m-fold cover of G obtained from #s, ..., H, is conducive to {u1,...,u,}. Below
is an illustration of Definition 4.1 with n =2, m = 3, G; = K4 — e, and G5 is a (5 with an pendant edge. Note
in the drawing of each cover below only the cross-edges of each cover are shown.

G

G1 G
ui,1 u1,3 U2,1 U2.3

Uy us
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H

Before we prove Theorem 1.3, we need a lemma.

Lemma 4.1. Suppose that Gi,...,G, are vertex disjoint graphs where n > 2 and G € @,_,(G;,p) where
for each i € [n], {ui1,...,uip} is a cliqgue in G; and G is obtained by identifying u1,q,...,Unq as the same
vertex ug for each q € [p]. For each i € [n], suppose that H; = (L;, H;) is an m-fold cover of G; conducive
to {u;1,...,uip}. For each 2 < i < n, suppose f; is a permutation of [m]. Let F = (fa,..., fn). Let m
be the identity permutation of [m]P, and let v; : [m|P — [m]P be the function defined by v;((j1,...,7p)) =
(fi(41)s -+, fi(dp)) for each 2 < i < n. For any j = (j1,...,Jp) € [mP, let P = {(viq,Jq) : ¢ € [p]}. Let
D =3 icpmpe N(Prj, Ha) [17 s N(P; ) Hi)- Then Ppp(G,H) = D where H is the F-amalgamated cover of
G obtained from Hy, ..., H, which implies Ppp(G,{uiq, ... uip}t,m) < D.

Proof. For each j = (j1,...,Jp) € [m|P such that ji,...,j, are pairwise distinct, let P; = {(uq,jq) : ¢ € [p]}. Let
Z; ; be the set of all 7{;-colorings of G; that contain P, j for each i € [n], and Z; be the set of all H-colorings of G
that contain Py. Let g5 : [T, Z; .5y — Z; be given by g;(I1.4,Gys - - - > Loy (5))) = (Uie 1 Tiyi ) — P (5))) Y By

Given a fixed element j = (j1,...,Jp) of [m]? such that ji,...,J, are pairwise distinct, we will now prove
that gj is a bijection. First, we will show that g; is a function. Notice [(U;_;(Zi~G) — Piv)) U Bl =
p+ > ([V(Gi)| —p) = [V(G)|. By the definition of F-amalgamated cover of G obtained from Hx, ..., H,,
vw € E(H) for some v,w € I; ) — Pi,) if and only if vw € E(H;) for some i € [n]. Since I; () is an
independent set in H; for each i € [n] and V(Gy),...,V(G,) are pairwise disjoint, [J;'_; (i 5,(5) — Pi () is an
independent set in H. By the definition of F-amalgamated cover of G obtained from H1, . .., Hn, (uq, j)(ug,j’) €
E(H) when ¢ # ¢’ if and only if j = j'. Since ji,...,j, are pairwise distinct, P; is an independent set in H. By
the definition of F-amalgamated cover of G obtained from Hi, ..., H,, (uq, jq)v € E(H) for some (uq, j,) € B;
and v € [; ) — Pi, ) if and only if (u1,q, jg)v € E(Hy) or (uit1,q, fiv1(Jq))v € E(H;) for some i € [n — 1].
Since I; ., (j) is an independent set in H; for each i € [n], (U;—; (Zi ;) — Pivi(j))) Y P} must be an independent
set in H.

Now we will construct the inverse of gj, hj. Let hj : Zy — [}, Z; ,¢) be given by hi(fj) = (21,...,2n)
where z; = (V(H;) N 1) U P; ;) for each i € [n]. First, we will show that hj is a function. Clearly, ;1 =
(V(Hi) N I;) U Py € Ty 4,)- Now we will show x; € Z; ;) for each 2 < i < n. By the definition of F-

amalgamated cover of G obtained from #i,...,,, because I is an independent set in H, V(H;) N I is an
independent set in H;. Since H; is conducive to P;j, (uiq,j)(uiq,j") € E(H;) when ¢ # ¢’ if and only if j = j'.
Since j1, ..., jp are pairwise distinct, f;(j1),..., fi(jn) are pairwise distinct. Thus, P; ., ;) is an independent set

in H;. By the definition of F-amalgamated cover of G obtained from Hi, ..., Hy, (wiq, fi(jq))v € E(H;) for
some v € V(H;) N I; if and only if (u,, j,)v € E(H). Notice (uq,jq)v ¢ E(H) because (ug, jq),v € Ij. Thus,
wi = (V(H:) N L) U Py ) € iy, ()

Finally, we will show that g; and h; are inverses. We calculate

gi(hi(L;)) = g (1, ..., 20)) = <U(((V(Hi) NIL)U P ) — Pim(.i))) UP

i=1
= (U V(Hl)ﬁl_]> UPj :Ij.
1=1

We calculate

hj(gj((ll,’u(j)a EERE) In,'m(j)))) = hj <<U(I’L,’Y7.(J) - Pi,“/i(j))) U B]) = (ylv cee ayn)

i=1
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where for each [ € [n],

3

- ((U i) = Piau) U ) mV(Hz)> U Pl 5)

= (L) = Prvg)) NV(H)) U Py )
= (L) = Prv) Y Pry)) NV HD) = Ly 5)-

Therefore, gj is bijection. As such,

N(PJ'7H ‘I| H|Izm )|— PLijl)HN(Pim(j)’Hi)
i=2
for each j = (j1,...,7p) € [m]P such that ji,...,j, are pairwise distinct. Note Ppp(G,H) = ZJe[m]p N(Pj, H).
Also note that N(Pj,H) = 0 when any two distinct coordinates of j are equal. Therefore, Ppp(G,H) = D
which implies that P}, p(G, {ti1,...,uip}t,m) < D. O

We are now ready to prove Theorem 1.3.

Proof. The proof is by induction on n. We begin by proving the result for n = 2. Let X = {u1,...,u,}, and
let X; = {u;1,...,u;,} for each i € [2]. Suppose H; = (L;, H;) is an m-fold cover of G; conducive to X; such
that Ppp(Gi, Hi) = Ppp(Gi, Xi,m). For every j = (j1,...,Jp) € [m]P, let Pij = {(wiq,7q) : ¢ € [p]} for each

€ [2]. Let f, : [m]? — [m]” be the function defined by f,((j1,...,73p)) = (¢(j1),...,0(jp)) where o € S,,, and
Sp 1is the symmetric group on [m]. Notice f, is a permutation.

Suppose T is the set of all (ji,...,7,) € [m]’ such that ji,...,j, are pairwise distinct. Notice for each
(j{,...,jz’,)7 (j{’,...,jz’,’) eT, |{oc € S : fg((j{,...,jz’))) = (j7,... 7j]’o’)}| (m — p)!l. So, for each j’ € T and
0" € Sm, Ypes,, N(Pa g,y Ha) = (m=p)! 3500 N(Pa s, ) H2). Notice for each i € [2], N(P; 5, H;) = 0 when

any two distinct coordinates of j are equal which implies that ZJeT N(Py 5., i), H2) = ZJe[m} N(Py 5., ), H2)-
Notice Py p(G1, X1, m) = ZJe[m]p N(Pyj,H1) and Pjp(Ga, Xo,m) = Zje[m]p N(Pyy, ), Ho) for each o € Sy,.
Let D, = Eje[m]p N(Pyj,H1)N(Pa g, (), H2). We calculate that for any o’ € S,

S Do=Y Y NP HON(Pay, ) He)

gESm 0ESm je[m]P
= Z (N(Pl,ijl) Z N(P27fa(j)’7-[2)>
je[’m]p O'esnz

- Z N(P1;,Hi)(m —p)! Z N(Pay i), Ha)

j€[m]p J€[m]P
:(m_p)!PlDP(GQaX27m) Z N(PLijl)
j€lm]r

= (m — p)!P,p(Ga, Xo,m)Ppp(G1, X1,m).
By Lemma 4.1, we know that Pj,,(G, X, m) < D, for each o € S,,,. Thus, there is a ¢’ € S, such that

ZO’ESm Dy _ PI/)P(le lem)PbP(G27 X27m)
! [T (m —i)
which completes the basis step since Ppp(G,m) < Ppp(G, X, m).
Now suppose n > 3 and the result holds for all natural numbers greater than 1 and less than n. Let G’ be

the graph obtained by identifying uy g, ..., un—1,4 as the same vertex uj, for each ¢ € [p]. Let X' = {uj,...,u,}.
By the inductive hypothesis, for each m > p,

Pl/)P(GaXam) < DU, <

-1
;=) Ppp(Gi Xi,m)

[Ty (m — )=
Notice G is the graph obtained by identifying u; and u, , as the same vertex u, for each q € [p]. Thus, by the
inductive hypothesis,

Php(G', X' ,m) <

PbP(G/’lem)PIIDP(GTHXnam) Hz 1PDP(G“XZ7m>
[17Z (m — ) R G
which implies that Ppp(G,m) < ([T;—, Ppp(Gi, Xi,m))/ (H ( — )" 1). O

P/DP(Ga Xa m) <
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