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Abstract: DP-coloring (also called correspondence coloring) is a generalization of list coloring that has been
widely studied in recent years after its introduction by Dvořák and Postle in 2015. As the analogue of the
chromatic polynomial of a graph G, P (G,m), the DP color function of G, denoted by PDP (G,m), counts the
minimum number of DP-colorings over all possible m-fold covers. Formulas for chromatic polynomials of clique-
gluings of graphs, a fundamental graph operation, are well-known, but the effect of such gluings on the DP color
function is not well understood. In this paper, we study the DP color function of Kp-gluings of graphs. Recently,

Becker et. al. asked whether PDP (G,m) ≤ (
∏n
i=1 PDP (Gi,m)) /

(∏p−1
i=0 (m− i)

)n−1
whenever m ≥ p, where

the expression on the right is the DP-coloring analogue of the corresponding chromatic polynomial formula for
a Kp-gluing, G, of G1, . . . , Gn. Becker et. al. showed this inequality holds when p = 1. In this paper, we show
this inequality holds for edge-gluings (p = 2). On the other hand, we show it does not hold for triangle-gluings
(p = 3), which also answers a question of Dong and Yang (2021). Finally, we show a relaxed version, based
on a class of m-fold covers that we conjecture would yield the fewest DP-colorings for a given graph, of the
inequality holds when p ≥ 3.

Keywords: DP-coloring; correspondence coloring; chromatic polynomial; DP color function; clique-gluing;
clique-sum
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1. Introduction

In this paper, all graphs are nonempty, finite, simple graphs unless otherwise noted. Generally speaking, we
follow West [26] for terminology and notation. The set of natural numbers is N = {1, 2, 3, . . .}. For m ∈ N, we
write [m] for the set {1, . . . ,m}. Given a set A, P(A) is the power set of A. If G is a graph and S,U ⊆ V (G), we
use G[S] for the subgraph of G induced by S, and we use EG(S,U) for the set consisting of all the edges in E(G)
that have one endpoint in S and the other in U . If u and v are adjacent in G, uv or vu refers to the edge between
u and v. For v ∈ V (G), we write dG(v) for the degree of vertex v in the graph G and ∆(G) for the maximum
degree of a vertex in G. We write NG(v) (resp. NG[v]) for the neighborhood (resp. closed neighborhood) of
vertex v in the graph G. We use ω(G) to denote the clique number of the graph G. If e ∈ E(G), we write
G · e for the graph obtained from G by contracting the edge e. When C is a cycle on n vertices (n ≥ 3 since
C is simple), V (C) = {v1, . . . , vn}, and E(C) = {{v1, v2}, {v2, v3}, . . . , {vn−1, vn}, {vn, v1}}, then we say the
vertices of C are written in cyclic order when we write v1, . . . , vn. If G and H are vertex disjoint graphs, we
write G ∨H for the join of G and H. When G = K1, G ∨H is the cone of H, and the vertex in V (G) is called
the universal vertex of G ∨H.

1.1 List Coloring and DP-Coloring

In the classical vertex coloring problem, we wish to color the vertices of a graph G with up to m colors from [m]
so that adjacent vertices receive different colors, a so-called proper m-coloring. List coloring is a variation on
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classical vertex coloring that was introduced independently by Vizing [24] and Erdős, Rubin, and Taylor [11] in
the 1970s. For list coloring, we associate a list assignment L with a graph G such that each vertex v ∈ V (G) is
assigned a list of available colors L(v) (we say L is a list assignment for G). We say G is L-colorable if there is
a proper coloring f of G such that f(v) ∈ L(v) for each v ∈ V (G) (we refer to f as a proper L-coloring of G).
A list assignment L is called a k-assignment for G if |L(v)| = k for each v ∈ V (G). We say G is k-choosable if
G is L-colorable whenever L is a k-assignment for G.

In 2015, Dvořák and Postle [10] introduced a generalization of list coloring called DP-coloring (they called
it correspondence coloring) in order to prove that every planar graph without cycles of lengths 4 to 8 is 3-
choosable. Intuitively, DP-coloring is a variation on list coloring where each vertex in the graph still gets a list
of colors, but the identification of which colors are different can change from edge to edge. Following [2], we
now give the formal definition. Suppose G is a graph. A cover of G is a pair H = (L,H) consisting of a graph
H and a function L : V (G)→ P(V (H)) satisfying the following four requirements:

(1) the set {L(u) : u ∈ V (G)} is a partition of V (H) of size |V (G)|;
(2) for every u ∈ V (G), the graph H[L(u)] is complete;
(3) if EH(L(u), L(v)) is nonempty, then u = v or uv ∈ E(G);
(4) if uv ∈ E(G), then EH(L(u), L(v)) is a matching (the matching may be empty).

Suppose H = (L,H) is a cover of G. We refer to the edges of H connecting distinct parts of the partition
{L(v) : v ∈ V (G)} as cross-edges. An H-coloring of G is an independent set in H of size |V (G)|. It is
immediately clear that an independent set I ⊆ V (H) is an H-coloring of G if and only if |I ∩L(u)| = 1 for each
u ∈ V (G). We say H is m-fold if |L(u)| = m for each u ∈ V (G) ∗. An m-fold cover H is a full cover if for each
uv ∈ E(G), the matching EH(L(u), L(v)) is perfect. The DP-chromatic number of G, χDP (G), is the smallest
m ∈ N such that G has an H-coloring whenever H is an m-fold cover of G.

Suppose H = (L,H) is an m-fold cover of G. Suppose U ⊆ V (G). Let HU = (LU , HU ) where LU is the
restriction of L to U and HU = H[

⋃
u∈U L(u)]. Clearly, HU is an m-fold cover of G[U ]. We call HU the subcover

of H induced by U . Suppose G′ is a subgraph of G. Let HG′ = (LG′ , HG′) where LG′ is the restriction of L to
V (G′) and HG′ = H[

⋃
u∈V (G′) L(u)] −

⋃
uv∈E(G)−E(G′)EH(L(u), L(v)). Clearly, HG′ is an m-fold cover of G′.

We call HG′ the subcover of H corresponding to G′.
Suppose H = (L,H) is an m-fold cover of G. We say that H has a canonical labeling if it is possible to name

the vertices ofH so that L(u) = {(u, j) : j ∈ [m]} and (u, j)(v, j) ∈ E(H) for each j ∈ [m] whenever uv ∈ E(G). †

Now, suppose H has a canonical labeling and G has a proper m-coloring. Then, if I is the set of H-colorings
of G and C is the set of proper m-colorings of G, the function f : C → I given by f(c) = {(v, c(v)) : v ∈ V (G)}
is a bijection. Also, given an m-assignment L for a graph G, it is easy to construct an m-fold cover H′ of G
such that G has an H′-coloring if and only if G has a proper L-coloring (see [2]). In fact, there is a one-to-one
correspondence between proper L-colorings of G and the H′-colorings of G. So, it is natural to consider the
problem of counting the DP-colorings of a graph G as a generalization of the chromatic polynomial of G and
the counting of list colorings of G.

1.2 Counting Proper Colorings and List Colorings

In 1912 Birkhoff introduced the notion of the chromatic polynomial with the hope of using it to make progress
on the four color problem. For m ∈ N, the chromatic polynomial of a graph G, P (G,m), is the number of proper
m-colorings of G. It is well-known that P (G,m) is a polynomial in m of degree |V (G)| (see [4]). For example,

P (Kn,m) =
∏n−1
i=0 (m− i), P (Cn,m) = (m− 1)n + (−1)n(m− 1), and P (T,m) = m(m− 1)n−1 whenever T is

a tree on n vertices (see [26]).
We now mention a chromatic polynomial formula that will be important in this paper. Suppose that n ≥ 2,

G1, . . . , Gn are vertex disjoint graphs, and 1 ≤ p ≤ mini∈[n]{ω(Gi)}. Choose a copy of Kp contained in each
Gi and form a new graph G, called a Kp-gluing of G1, . . . , Gn, from the union of G1, . . . , Gn by arbitrarily
identifying the chosen copies of Kp; that is, if {ui,1, . . . , ui,p} is the vertex set of the chosen copy of Kp in
Gi for each i ∈ [n], then identify the vertices u1,j , . . . , un,j as a single vertex uj for each j ∈ [p]. ‡ When
p = 1 this is called vertex-gluing, when p = 2 this is called edge-gluing (see [6]), and when p = 3 we will call
it triangle-gluing. Let

⊕n
i=1(Gi, p) denote the family of all Kp-gluings of G1, . . . , Gn. It is well-known that for

any G ∈
⊕n

i=1(Gi, p), P (G,m) =
∏n
i=1 P (Gi,m)/

(∏p−1
i=0 (m− i)

)n−1
whenever m ≥ p (see [3, 6]).

Clique-gluing and the closely related clique-sum are fundamental graph operations that have been used to
give a structural characterization of many families of graphs (see the discussion and examples in [18]). A simple

∗Throughout the following, for any u ∈ V (G) we always label the vertices in L(u) by (u, 1), (u, 2), . . . , (u,m).
†When H = (L,H) has a canonical labeling, we will always refer to the vertices of H using this naming scheme.
‡This is equivalent to the well-studied notion of clique-sum of G1, . . . , Gn where no edges are removed after the identification

of the cliques.
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example is that chordal graphs are precisely the graphs that can be formed by clique-gluings of cliques, while
the most famous example would be Robertson and Seymour’s seminal Graph Minor Structure Theorem ( [21])
characterizing minor-free families of graphs.

The notion of chromatic polynomial was extended to list coloring in the early 1990s [17]. If L is a list
assignment for G, we use P (G,L) to denote the number of proper L-colorings of G. The list color function
P`(G,m) is the minimum value of P (G,L) where the minimum is taken over all possible m-assignments L for
G. Clearly, P`(G,m) ≤ P (G,m) for each m ∈ N. In general, the list color function can differ significantly from
the chromatic polynomial for small values of m. However, for large values of m, Dong and Zhang [8] (improving
upon results in [9], [23], and [25]) showed that for any graph G with at least 4 edges, P`(G,m) = P (G,m)
whenever m ≥ |E(G)|−1. It is also known that P`(G,m) = P (G,m) for all m ∈ N when G is a cycle or chordal
(see [16,17]). See [13,23] for a survey of known results and open questions on the list color function.

1.3 The DP Color Function and Motivating Question

Two of the current authors (Kaul and Mudrock in [14]) introduced a DP-coloring analogue of the chromatic
polynomial to gain a better understanding of DP-coloring and use it as a tool for making progress on some open
questions related to the list color function. Since its introduction in 2019, the DP color function has received
some attention in the literature (see [1,5,7,12,14,15,19,20,27]). Suppose H = (L,H) is a cover of graph G. Let
PDP (G,H) be the number of H-colorings of G. Then, the DP color function of G, PDP (G,m), is the minimum
value of PDP (G,H) where the minimum is taken over all possible m-fold covers H of G. § It is easy to show
that for any graph G and m ∈ N, PDP (G,m) ≤ P`(G,m) ≤ P (G,m). Note that if G is a disconnected graph
with components: H1, H2, . . . ,Ht, then PDP (G,m) =

∏t
i=1 PDP (Hi,m). So, we will only consider connected

graphs from this point forward unless otherwise noted.
The list color function and DP color function of certain graphs behave similarly. However, for some graphs,

there are surprising differences. For example, similar to the list color function, PDP (G,m) = P (G,m) for every
m ∈ N whenever G is chordal or an odd cycle. On the other hand, PDP (C2k+2,m) = (m − 1)2k+2 − 1 <
P (C2k+2,m) whenever m ≥ 2 (see [14]) ¶. Even more dramatically, the following result recently appeared in
the literature.

Theorem 1.1 ( [7]). For graph G, let `G : E(G) → N ∪ {∞} be the function that maps each cut-edge in G to
∞ and maps each non-cut-edge e ∈ E(G) to the length of a shortest cycle in G containing e. If G contains an
edge l such that `G(l) is even, then there exists N ∈ N such that PDP (G,m) < P (G,m) whenever m ≥ N .

This result is particularly interesting since we know the list color function of any graph eventually equals
its chromatic polynomial. With this in mind, our motivation for this paper began with a question pre-
sented in [1]. More specifically, Theorem 1.1 tells us that the DP color function of a Kp-gluing of graphs
may not eventually equal the chromatic polynomial of the resulting graph. We may wonder however if the
formula for the chromatic polynomial of a Kp-gluing of graphs (i.e., for any G ∈

⊕n
i=1(Gi, p), P (G,m) =∏n

i=1 P (Gi,m)/
(∏p−1

i=0 (m− i)
)n−1

whenever m ≥ p) has a DP-coloring analogue.

Question 1.1 ( [1]). If p ≥ 1, n ≥ 2, G1, . . . , Gn are vertex disjoint graphs, and G ∈
⊕n

i=1(Gi, p), is it the
case that

PDP (G,m) ≤
∏n
i=1 PDP (Gi,m)(∏p−1
i=0 (m− i)

)n−1
for all m ≥ p?

In [1] it is shown that the inequality in Question 1.1 need not be an equality in all situations: when
p = 1, n = 2, G1 = G2 = K1 ∨ C4, and G is formed by gluing the universal vertices of G1 and G2, then
PDP (G, 4) < (PDP (G1, 4)PDP (G2, 4))/4. Furthermore, it is shown in [1] that the answer to Question 1.1 is yes
when p = 1. It is worth mentioning that a simpler version of Question 1.1 has also recently appeared in the
literature. Recall that a vertex v in a graph G is called simplicial if either dG(v) = 0 or G[NG(v)] is a complete
graph.

Question 1.2 ( [7]). If v is a simplicial vertex of G, is it true that for all positive integers m ≥ dG(v),
PDP (G,m) ≤ (m− dG(v))PDP (G− {v},m)?

To see that Question 1.2 is a simpler version of Question 1.1, first note that the inequality obviously holds
when dG(v) = 0. Then, suppose v is a simplicial vertex of G with positive degree, and let t = dG(v). Then, G
is a Kt-gluing of G − {v} and a copy of Kt+1. Dong and Yang showed in [7] that Question 1.2 has a positive
answer when dG(v) ∈ {0, 1, 2}. In this paper we make further progress on Question 1.1, and we show the answer
to Question 1.2 is no when dG(v) = 3.

§We take N to be the domain of the DP color function of any graph.
¶These results on the DP color functions of cycles and chordal graphs will be useful to keep in mind for this paper.
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1.4 Outline of the Paper and a Conjecture

We now present an outline of the paper. In Section 2 we show that the answer to Question 1.1 is yes for
edge-gluings (p = 2) which generalizes the result of Dong and Yang [7] that shows the answer to Question 1.2
is yes when dG(v) = 2.

Theorem 1.2. Suppose that G1, . . . , Gn are vertex disjoint graphs for some n ≥ 2 with uivi ∈ E(Gi) for each
i ∈ [n]. Suppose that G is the graph obtained by identifying u1, . . . , un as the same vertex u and v1, . . . , vn as
the same vertex v. Then
PDP (G,m) ≤

∏n
i=1 PDP (Gi,m)/(m(m− 1))n−1 whenever m ≥ 2.

We end Section 2 by showing how the techniques, including the relevant concepts of “gluing” and “splitting”
covers of graphs, used to prove Theorem 1.2 yield a new method for finding the formulas of the DP color
functions of chorded cycles ‖.

In Section 3 we show that the answer to both Questions 1.1 and 1.2 is no for p = 3 and dG(v) = 3 respectively.
We construct a counterexample with a graph based on tessellations of an appropriate number of triangles in
K1 ∨ Θ(2, 2, 2) where Θ(2, 2, 2) consists of a pair of end vertices joined by three internally disjoint paths each
of length two ∗∗.

While the answers to Questions 1.1 and 1.2 are unknown for each p ≥ 4 and dG(v) ≥ 4 respectively, our result
in Section 3 makes us suspect both questions have a negative answer for each of these values. Nevertheless, in
Section 4 we show that the answer to a relaxed version of Question 1.1 is yes. Specifically, suppose p ≥ 1, and G
is a graph such that {v1, . . . , vp} is a clique in G, and let K = {v1, . . . , vp}. We say an m-fold cover H = (L,H)
of G is conducive to {v1, . . . , vp} if H is full and the m-fold cover HK of G[K] admits a canonical labeling. The
K-canonical DP-Color Function of G, P ′DP (G,K,m), is the minimum value of PDP (G,H′) where the minimum
is taken over all m-fold covers H′ of G conducive to K. Clearly, P ′DP (G,K,m) ≥ PDP (G,m), and in fact, the
construction in Section 3 yields the only example, of which we are aware, of a graph G and clique K in G for
which P ′DP (G,K,m) > PDP (G,m) for some m ∈ N. So, the following result gives an affirmative answer to a
relaxed version of Question 1.1.

Theorem 1.3. Suppose that G1, . . . , Gn are vertex disjoint graphs for some n ≥ 2 and G ∈
⊕n

i=1(Gi, p) where
for each i ∈ [n], Ki = {ui,1, . . . , ui,p} is a clique in Gi and G is obtained by identifying u1,q, . . . , un,q as the same

vertex uq for each q ∈ [p]. Let K = {u1, . . . , up}. Then P ′DP (G,K,m) ≤
∏n
i=1 P

′
DP (Gi,Ki,m)/(

∏p−1
i=0 (m −

i))n−1 whenever m ≥ p.

Suppose that K is a clique in G. It is not hard to see that when |K| ∈ [2], P ′DP (G,K,m) = PDP (G,m) for
all m ∈ N. So, Theorem 1.3 implies Theorem 1.2. †† As we already mentioned, our counterexample in Section 3
demonstrates that this equality need not hold when |K| = 3, but only for a small value of m (i.e., m = 4). This
motivates the following conjecture.

Conjecture 1.1. Suppose that K is a clique in a graph G with |K| ≥ 3. Then, there is an N ∈ N such that
P ′DP (G,K,m) = PDP (G,m) whenever m ≥ N .

If true, Conjecture 1.1 would yield an affirmative answer to both Questions 1.1 and 1.2 for sufficiently large m
by Theorem 1.3. However, the truth of Conjecture 1.1 would actually say something quite deep about the nature
of sufficiently large covers that yield the fewest colorings: Given any graph G, clique K in G, and sufficiently
large m, there must be an m-fold cover H of G such that PDP (G,H) = PDP (G,m) and H is conducive to K.

2. Edge-Gluings

In this section, we will prove Theorem 1.2. We begin with some notation that will be used throughout the paper.
Whenever H = (L,H) is an m-fold cover of G and P ⊆ V (H), we let N(P,H) be the number of H-colorings
containing P . The following proposition will be of fundamental importance throughout the paper.

Proposition 2.1 ( [14]). Suppose T is a tree and H = (L,H) is a full m-fold cover of T . Then, H has a
canonical labeling.

We now present two important definitions that will be used in this section. We define separated covers, a
natural analogue of “splitting” an m-fold cover of G ∈

⊕n
i=1(Gi, p) into separate m-fold covers for each Gi (this

notion was first defined in [1]).

‖The DP color functions of all chorded cycles were determined in [14] using a different technique.
∗∗More generally, a Theta graph Θ(l1, l2, l3) consists of a pair of end vertices joined by 3 internally disjoint paths of lengths

l1, l2, l3 ∈ N.
††We still give a direct proof of Theorem 1.2 as the concepts introduced in Section 2 are of independent interest, easier to apply,

and help motivate our study of conducive covers.
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Definition 2.1. For some n ≥ 2, suppose that G1, . . . , Gn are vertex disjoint graphs such that {ui,1, . . . , ui,p}
is a clique in Gi for each i ∈ [n] and some p ∈ N. Let G be the graph obtained by identifying u1,q, . . . , un,q as
the same vertex uq for each q ∈ [p]. Suppose H = (L,H) is an arbitrary m-fold cover of G. For each i ∈ [n],
the separated cover of Gi obtained from H is an m-fold cover Hi = (Li, Hi) of Gi defined as follows.
Assume that L(x) = {(x, j) : j ∈ [m]} for each x ∈ V (G). Let Li(x) = {(x, j) : j ∈ [m]} for each x ∈ V (Gi).
Construct edges of Hi so that Hi is isomorphic to H ′i = H[(

⋃
x∈V (Gi)−{ui,q :q∈[p]} L(x)) ∪ (

⋃p
q=1 L(uq))] and

f : V (H ′i)→ V (Hi) given by

f((x, j)) =

{
(x, j) if x ∈ V (Gi)− {ui,q : q ∈ [p]}
(ui,q, j) if x = uq for some q ∈ [p]

is a graph isomorphism.

Given vertex disjoint graphs G1, . . . , Gn, we define amalgamated cover, a natural analogue of “gluing” m-
fold covers of each Gi together so that we get an m-fold cover for some G ∈

⊕n
i=1(Gi, 2). In addition to

specifying the graphs Gi, and the glued edge in each graph that leads to G, we also need an ordered list of
permutations, F = (f2, . . . , fn). F is simply a convenient device for keeping track of which edges in the covers
of Gi corresponding to the glued edge are identified in the amalgamated cover of G. A generalization of this
definition and its illustration is given in Section 4.

Definition 2.2. For some n ≥ 2, suppose that G1, . . . , Gn are vertex disjoint graphs such that uivi ∈ E(Gi)
for each i ∈ [n]. For each i ∈ [n], suppose Hi = (Li, Hi) is an m-fold cover of Gi. Let fk+1 be a permutation of
[m] for each k ∈ [n− 1], and let F = (f2, . . . , fn). Let G be the graph obtained by identifying u1, . . . , un as the
same vertex u and by identifying v1, . . . , vn as the same vertex v. The F -amalgamated m-fold cover of G
obtained from H1, . . . ,Hn is an m-fold cover H = (L,H) of G defined as follows. In the special case where
n = 2, we may also say f2-amalgamated m-fold cover of G obtained from H1 and H2.

For each i ∈ [n], assume Li(x) = {(x, j) : j ∈ [m]} for each x ∈ V (Gi). For each i ∈ [n], rename the vertices
in Li(vi) so that (ui, j)(vi, j) ∈ E(Hi) for each j ∈ [m]. Let L(x) = {(x, j) : j ∈ [m]} for each x ∈ V (G).
For each i ∈ [n], let Xi be the set of edges in Hi that are incident with at least one element in Li(ui) ∪ Li(vi).
Construct edges in H so that H[L(u)] and H[L(v)] are cliques and H contains the edges in

⋃n
i=1(E(Hi)−Xi).

Then for each j ∈ [m] and k ∈ [n − 1], whenever (x, r)(u1, j) ∈ E(H1) where (x, r) /∈ L1(u1) ∪ L1(v1) or
(x, r)(uk+1, fk+1(j)) ∈ E(Hk+1) where (x, r) /∈ Lk+1(uk+1) ∪ Lk+1(vk+1), construct the edge (x, r)(u, j) in
H. For each j ∈ [m] and k ∈ [n − 1], whenever (x, r)(v1, j) ∈ E(H1) where (x, r) /∈ L1(u1) ∪ L1(v1) or
(x, r)(vk+1, fk+1(j)) ∈ E(Hk+1) where (x, r) /∈ Lk+1(uk+1) ∪ Lk+1(vk+1), construct the edge (x, r)(v, j) in H.
Finally, for each j ∈ [m], construct the edge (u, j)(v, j) in H.

Although the details of this definition are unavoidably technical, the underlying idea is simple. The F -
amalgamated coverH = (L,H) forG is obtained by using F to identify one edge from each of EH1

(L1(u1), L1(v1)),
EH2(L2(u2), L2(v2)),..., EHn(Ln(un), Ln(vn)) as a single edge in H a total of m times. Then, the original covers
are preserved on the portion of each graph that excludes the glued edge.

Before proving Theorem 1.2, we need a lemma.

Lemma 2.1. Suppose that G1 and G2 are vertex disjoint graphs. Suppose that m ∈ N and that Hi = (Li, Hi) is
an m-fold cover for Gi for each i ∈ [2]. Suppose that uivi ∈ E(Gi) for each i ∈ [2]. Suppose f is a permutation
of [m]. Let G be the graph obtained by identifying u1 and u2 as the same vertex u and identifying v1 and
v2 as the same vertex v, H be the f -amalgamated m-fold cover of G obtained from H1 and H2, and D =∑m
j2=1

∑m
j1=1N({(u1, j1), (v1, j2)},H1)N({(u2, f(j1)), (v2, f(j2))},H2). Then PDP (G,H) = D which implies

PDP (G,m) ≤ D.

Proof. Note PDP (G,H) =
∑m
j=1

∑m
i=1N({(u, i), (v, j)},H) and N({(u, i), (v, j)},H) = 0 when (u, i)(v, j) ∈

E(H). Let P = {(u, j1), (v, j2)} where j1, j2 are fixed elements of [m] and (u, j1)(v, j2) /∈ E(H). We will
determine N(P,H). Let P1 = {(u1, j1), (v1, j2)} and P2 = {(u1, f(j1)), (v1, f(j2))}. Let I1 be the set of all
H1-colorings of G1 that contain P1, I2 be the set of all H2-colorings of G2 that contain P2, and I be the set of all
H-colorings of G that contain P . Let g : I1×I2 → I be the function given by g((I1, I2)) = (I1−P1)∪(I2−P2)∪P .
It is easy to check that (I1−P1)∪ (I2−P2)∪P is an independent set of size |V (G)| in H. Also, g is a bijection.
As such, N(P,H) = |I| = |I1||I2| = N(P1,H1)N(P2,H2). Therefore, PDP (G,H) = D which implies that
PDP (G,m) ≤ D.

We are now ready to prove Theorem 1.2.

Proof. The proof is by induction on n. We begin by proving the result for n = 2. Suppose Hi = (Li, Hi)
is a full m-fold cover of Gi such that PDP (Gi,Hi) = PDP (Gi,m), Li(ui) = {(ui, j) : j ∈ [m]}, and Li(vi) =
{(vi, j) : j ∈ [m]} for each i ∈ [2]. Assume (vi, j)(ui, j) ∈ E(Hi) for each i ∈ [2] and j ∈ [m]. Let aj1,j2 =
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N({(v1, j1), (u1, j2)},H1), bj1,j2 = N({(v2, j1), (u2, j2)},H2), X = [m], and Dσ =
∑m
j2=1

∑m
j1=1 aj1,j2bσ(j1),σ(j2)

where σ ∈ SX and SX is the symmetric group on X. By Lemma 2.1, we know that PDP (G,m) ≤ Dσ for each
σ ∈ SX . Notice PDP (G1,m) =

∑m
j2=1

∑m
j1=1 aj1,j2 , PDP (G2,m) =

∑m
j2=1

∑m
j1=1 bj1,j2 , and aj,j = bj,j = 0 for

each j ∈ X. Suppose q, r, j1, j2 ∈ X such that q 6= r and j1 6= j2. Notice that bq,r occurs (m − 2)! times in∑
σ∈SX bσ(j1),σ(j2) which means

∑
σ∈SX bσ(j1),σ(j2) = (m− 2)!PDP (G2,m). Thus,

∑
σ∈SX

Dσ =
∑
σ∈SX

m∑
j2=1

m∑
j1=1

aj1,j2bσ(j1),σ(j2) =

m∑
j2=1

m∑
j1=1

aj1,j2
∑
σ∈SX

bσ(j1),σ(j2)

= PDP (G1,m)(m− 2)!PDP (G2,m).

So, there is a σ′ ∈ SX such that

PDP (G,m) ≤ Dσ′ ≤
∑
σ∈SX Dσ

m!
=
PDP (G1,m)PDP (G2,m)

m(m− 1)
.

Now suppose n ≥ 3 and the result holds for all natural numbers greater than 1 and less than n. Let G′ be
the graph obtained by identifying u1, . . . , un−1 as the same vertex u′ and v1, . . . , vn−1 as the same vertex v′.
By the inductive hypothesis, for each m ∈ N,

PDP (G′,m) ≤
∏n−1
i=1 PDP (Gi,m)

(m(m− 1))n−2
.

Notice G is the graph obtained by identifying u′ and un as the same vertex u and v′ and vn as the same vertex
v. Thus, by the inductive hypothesis,

PDP (G,m) ≤ PDP (G′,m)PDP (Gn,m)

m(m− 1)
≤
∏n
i=1 PDP (Gi,m)

(m(m− 1))n−1
.

We now wish to present an application of the ideas presented in this section. Specifically, we will use the
ideas developed in this section to determine the DP color function of all chorded cycles. First, we mention a
result from [1].

Proposition 2.2 ( [1]). Suppose that G1, . . . , Gn are vertex disjoint graphs where n ≥ 2 and G ∈
⊕n

i=1(Gi, p)
where for each i ∈ [n], {ui,1, . . . , ui,p} is a clique in Gi and G is obtained by identifying u1,q, . . . , un,q as the
same vertex uq for each q ∈ [p]. Suppose that for each i ∈ [n], given any m-fold cover Di = (Li, Di) of Gi,

N(A,Di) ≥ PDP (Gi,m)/
∏p−1
i=0 (m− i) whenever A ⊆

⋃p
q=1 L(ui,q), |A ∩ L(ui,q)| = 1 for each q ∈ [p], and A is

an independent set in Di. Then

PDP (G,m) ≥
∏n
i=1 PDP (Gi,m)(∏n−1
i=0 (m− i)

)n−1 .
Now, we have a corollary that follows immediately from Proposition 2.2 and Theorem 1.2.

Corollary 2.1. Suppose that G1, . . . , Gn are vertex disjoint graphs for some n ≥ 2 with uivi ∈ E(Gi) for each
i ∈ [n]. Suppose that G is the graph obtained by identifying u1, . . . , un as the same vertex u and v1, . . . , vn as
the same vertex v. Also suppose that for each i ∈ [n] and any m-fold cover Hi = (Li, Hi) of Gi with m ≥ 2,
N({p1, p2},Hi) ≥ PDP (Gi,m)/(m(m− 1)) for each p1 ∈ Li(ui) and p2 ∈ Li(vi) where p1p2 /∈ E(Hi). Then

PDP (G,m) =

∏n
i=1 PDP (Gi,m)

(m(m− 1))n−1
.

We now show that the hypothesis of Corollary 2.1 is satisfied when Gi is an odd cycle. This will ultimately
allow us to determine the DP color function of any chorded cycle that can be constructed by edge-gluing two
odd cycles.

Lemma 2.2. Suppose that G = C2k+1 where k ∈ N. Also suppose that H = (L,H) is an arbitrary m-
fold cover of G where m ≥ 2. For each uv ∈ E(G), whenever p1 ∈ L(u), p2 ∈ L(v), and p1p2 /∈ E(H),
N({p1, p2},H) ≥ PDP (G,m)/(m(m− 1)).

Proof. Suppose that the vertices of G in cyclic order are s1, . . . , s2k+1. We can assume that H is full. Let
G′ = G−{s1s2}. Since G′ is a tree, the subcover ofH corresponding to G′, H′ = (L,H ′), has a canonical labeling
by Proposition 2.1. Suppose the vertices of H are named according to this canonical labeling. Let G′′ = G ·s1s2
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where the vertex obtained from contracting s1s2 is s′. ‡‡ Suppose p1 = (s1, j1), p2 = (s2, j2), and p1p2 /∈ E(H).
Notice that N({p1, p2},H) = N({p1, p2},H′). We will show that N({p1, p2},H′) ≥ PDP (G,m)/(m(m− 1)) for
each of the following cases: (1) j1 6= j2 and (2) j1 = j2.

In case (1), assume that j1 6= j2. Notice N({p1, p2},H′) is the number of proper m-colorings of G that color
s1 with j1 and s2 with j2. Thus,

N({p1, p2},H′) =
P (C2k+1,m)

m(m− 1)
=
PDP (C2k+1,m)

m(m− 1)
.

In case (2), assume that j1 = j2 = j. Notice N({p1, p2},H′) is the number of proper m-colorings of G′′ that
color s′ with j. Thus,

N({p1, p2},H′) =
P (C2k,m)

m
=

(m− 1)2k+1 + (m− 1)2

m(m− 1)
>
PDP (C2k+1,m)

m(m− 1)
.

The next result easily follows from Corollary 2.1 and Lemma 2.2.

Corollary 2.2. Suppose that G1, . . . , Gn are vertex disjoint odd cycles with uivi ∈ E(Gi) for each i ∈ [n].
Suppose that G is the graph obtained by identifying u1, . . . , un as the same vertex u and by identifying v1, . . . , vn
as the same vertex v. Then for each m ≥ 2,

PDP (G,m) =

∏n
i=1 PDP (Gi,m)

(m(m− 1))n−1
.

We are now ready to determine the DP color function of all chorded cycles.

Proposition 2.3. Suppose that Gi = Cni where i ∈ [2] and ni ≥ 3. Suppose uivi ∈ E(Gi) for each i ∈ [2]. Let
G be the graph obtained by identifying u1 and u2 as the same vertex u and by identifying v1 and v2 as the same
vertex v. Then for each m ≥ 3, if n1 and n2 are even, then

PDP (G,m) =
1

m

(
(m− 1)n1+n2−1 − (m− 1)n1−1 − (m− 1)n2−1 −m− 1

)
.

Otherwise,

PDP (G,m) =
PDP (G1,m)PDP (G2,m)

m(m− 1)
.

Proof. By Corollary 2.2, PDP (G,m) = PDP (G1,m)PDP (G2,m)/(m(m− 1)) when n1 and n2 are odd.
Let H = (L,H) be an m-fold cover of G such that PDP (G,H) = PDP (G,m). We can assume that H is full.

For each i ∈ [2], let Hi = (Li, Hi) be the separated cover of Gi obtained from H where ui,1 = ui and ui,2 = vi.
Let f be the identity permutation of [m]. Then H is the f -amalgamated m-fold cover of G obtained from H1

and H2 (By Definition 2.2, recall that we assume the vertices of Li(vi) are renamed so that (ui, j)(vi, j) ∈ E(Hi)
for each i ∈ [2] and j ∈ [m]). By Lemma 2.1,
PDP (G,H) =

∑m
j2=1

∑m
j1=1 (N({(u1, j1), (v1, j2)},H1)N({(u2, j1), (v2, j2)},H2)).

For each i ∈ [2], let H′i = (Li, H
′
i) be the subcover of Hi corresponding to G′i where G′i = Gi−{uivi}. Since

G′i is a tree, H′i has a canonical labeling by Proposition 2.1. Suppose the vertices of H ′i are named according
to a canonical labeling. Let ri and r′i be the permutations of [m] so that (ui, j) ∈ V (Hi) is called (ui, ri(j))
in H ′i and (vi, j) ∈ V (Hi) is called (vi, r

′
i(j)) in H ′i. Notice that when j1 6= j2, N({(ui, j1), (vi, j2)},Hi) =

N({(ui, ri(j1)), (vi, r
′
i(j2))},H′i) for i ∈ [2]. Also, if j1 = j2, N({(ui, j1), (vi, j2)},Hi) = 0 for i ∈ [2]. Let

G′′i = Gi · uivi, and suppose that wi is the vertex obtained from contracting uivi. Assume that a1 and a2 are
fixed elements of [m] such that a1 6= a2.

Consider the case where ni = 2k + 1 for some k ∈ N. By Lemma 2.2,
N({(ui, ri(a1)), (vi, r

′
i(a2))},H′i) ≥ PDP (Gi,m)/(m(m− 1)) = ((m− 1)2k − 1)/m.

Now, consider the case where ni = 2l+2 for some l ∈ N. Then when ri(a1) 6= r′i(a2), since H ′i has a canonical
labeling, N({(ui, ri(a1)), (vi, r

′
i(a2))},H′i) is the number of proper m-colorings of Gi that color ui with ri(a1)

and vi with r′i(a2). Thus,

N({(ui, ri(a1)), (vi, r
′
i(a2))},H′i) =

P (C2l+2,m)

m(m− 1)
=

(m− 1)2l+1 + 1

m
.

‡‡When k = 1, we ignore the multiple edge so that G′′ = P2. Throughout this paper, we assume that C2 = P2. Notice that
P (C2,m) = (m− 1)2 + (m− 1) = m(m− 1) = P (P2,m).
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When ri(a1) = r′i(a2) = j, since H ′i has a canonical labeling, N({(ui, ri(a1)), (vi, r
′
i(a2))},H′i) is the number of

proper m-colorings of G′′i that color wi with j. Thus,

N({(ui, ri(a1)), (vi, r
′
i(a2))},H′i) =

P (C2l+1,m)

m
=

(m− 1)2l+1 − (m− 1)

m
.

Notice there are at mostm pairs (j1, j2) in the set [m]2−{(i, i) : i ∈ [m]} such thatN({(ui, ri(j1)), (vi, r
′
i(j2))},H′i) =

((m−1)2l+1−(m−1))/m since there can be at most m pairs (j1, j2) ∈ [m]2 such that ri(j1) = r′i(j2). This implies
that there are at leastm(m−2) pairs (j1, j2) ∈ ([m]2−{(i, i) : i ∈ [m]}) such thatN({(ui, ri(j1)), (vi, r

′
i(j2))},H′i) =

((m− 1)2l+1 + 1)/m.
We now are ready to prove the result when exactly one of the numbers n1, n2 is odd. Suppose without loss

of generality n1 = 2k + 1 and n2 = 2l + 2 for some k, l ∈ N. We calculate

PDP (G,H)

=
∑

(j1,j2)∈[m]2, j1 6=j2

N({(u1, j1), (v1, j2)},H1)N({(u2, j1), (v2, j2)},H2)

=
∑

(j1,j2)∈[m]2, j1 6=j2

N({(u1, r1(j1)), (v1, r
′
1(j2))},H′1)N({(u2, r2(j1)), (v2, r

′
2(j2))},H′2)

≥ (m− 1)2k − 1

m

∑
(j1,j2)∈[m]2, j1 6=j2

N({(u2, r2(j1)), (v2, r
′
2(j2))},H′2)

≥ (m− 1)2k − 1

m

(
m

(m− 1)2l+1 − (m− 1)

m
+m(m− 2)

(m− 1)2l+1 + 1

m

)
=

(m− 1)2k+1 − (m− 1)

m(m− 1)

(
(m− 1)2l+2 − 1

)
=
PDP (G1,m)PDP (G2,m)

m(m− 1)
.

This calculation along with Theorem 1.2 implies that
PDP (G,m) = PDP (G1,m)PDP (G2,m)/(m(m− 1)).

Finally, we turn our attention to the case where both n1 and n2 are even. For this case we need the
Rearrangement Inequality (see [22] for further details) which says: For n ∈ N, suppose that for each (i, j) ∈
[2]× [n], x(i,j) is a nonnegative real number so that x(i,1) ≤ · · · ≤ x(i,n) for each i ∈ [2]. Let σi be an arbitrary
permutation of [n] for each i ∈ [2]. Then

∑n
j=1 x(1,n+1−j)x(2,j) ≤

∑n
j=1 x(1,σ1(j))x(2,σ2(j)).

Suppose n1 = 2k + 2 and n2 = 2l + 2 for some k, l ∈ N. Using the facts above and the Rearrangement
Inequality, we obtain:

PDP (G,H)

=
∑

(j1,j2)∈[m]2, j1 6=j2

N({(u1, j1), (v1, j2)},H1)N({(u2, j1), (v2, j2)},H2)

=
∑

(j1,j2)∈[m]2, j1 6=j2

N({(u1, r1(j1)), (v1, r
′
1(j2))},H′1)N({(u2, r2(j1)), (v2, r

′
2(j2))},H′2)

≥ m
(

(m− 1)2l+1 − (m− 1)

m

)(
(m− 1)2k+1 + 1

m

)
+m

(
(m− 1)2l+1 + 1

m

)(
(m− 1)2k+1 − (m− 1)

m

)
+m(m− 3)

(
(m− 1)2l+1 + 1

m

)(
(m− 1)2k+1 + 1

m

)
=

1

m

(
(m− 1)2l+2k+3 − (m− 1)2l+1 − (m− 1)2k+1 −m− 1

)
=

1

m

(
(m− 1)n1+n2−1 − (m− 1)n2−1 − (m− 1)n1−1 −m− 1

)
.

Thus, PDP (G,m) ≥
(
(m− 1)n1+n2−1 − (m− 1)n2−1 − (m− 1)n1−1 −m− 1

)
/m.

To finish the proof we will construct an m-fold cover H′ = (L′, H ′) of G such that
PDP (G,H′) =

(
(m− 1)n1+n2−1 − (m− 1)n2−1 − (m− 1)n1−1 −m− 1

)
/m. In order to build H′, we will first

construct an m-fold cover H′i = (L′i, H
′
i) of Gi for each i ∈ [2]. For each i ∈ [2], let L′i(x) = {(x, j) : j ∈ [m]}

whenever x ∈ V (Gi). Construct edges in H ′i so that L′i(x) is a clique in H ′i for each x ∈ V (Gi). Then, for
each xy ∈ E(Gi) − {uivi} construct the edge (x, j)(y, j) in H ′i for each j ∈ [m]. Finally, construct edges in
H ′1 so that {(u1, j)(v1, j + 1) : j ∈ [m − 1]} ∪ {(u1,m)(v1, 1)} ⊂ E(H ′1), and construct edges in H ′2 so that
{(u2, j)(v2, j + 2) : j ∈ [m− 2]} ∪ {(u2,m− 1)(v2, 1), (u2,m)(v2, 2)} ⊂ E(H ′2).
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Now, for each i ∈ [2], let H′′i = (L′i, H
′′
i ) be the m-fold cover of Gi where H ′′i is the same graph as H ′i

except the vertices of L′i(vi) are renamed so that (ui, j)(vi, j) ∈ E(Hi) for each j ∈ [m]. Specifically, for any
j ∈ [m], the vertex (v1, j) ∈ V (H ′′1 ) is called (v1, (j mod m) + 1) in H ′1, and the vertex (v2, j) ∈ V (H ′′2 ) is called
(v2, (j + 1 mod m) + 1) in H ′2. Let f be the identity permutation of [m] and H be the f -amalgamated m-fold
cover of G obtained from H′′1 and H′′2 . By Lemma 2.1,

PDP (G,H′) =

m∑
j2=1

m∑
j1=1

N({(u1, j1), (v1, j2)},H′′1 )N({(u2, j1), (v2, j2)},H′′2 )

=
∑

(j1,j2)∈[m]2, j1 6=j2

N({(u1, j1), (v1, j2)},H′′1 )N({(u2, j1), (v2, j2)},H′′2 ).

Furthermore, we know

N({(u1, j1), (v1, j2)},H′′1 ) = N({(u1, j1), (v1, (j2 mod m) + 1)},H′1)

and
N({(u2, j1), (v2, j2)},H′′2 ) = N({(u2, j1), (v2, (j2 + 1 mod m) + 1)},H′2).

So,
N({(u1, j1), (v1, j2)},H′′1 ) = ((m− 1)2k+1 − (m− 1))/m

when j1 = (j2 mod m) + 1, and N({(u1, j1), (v1, j2)},H′′1 ) = ((m − 1)2k+1 + 1)/m for all other (j1, j2) ∈
([m]2 − {(i, i) : i ∈ [m]}). Similarly, N({(u2, j1), (v1, j2)},H′′2 ) = ((m − 1)2l+1 − (m − 1))/m when j1 =
(j2 + 1 mod m) + 1, and N({(u2, j1), (v2, j2)},H′′2 ) = ((m− 1)2l+1 + 1)/m for all other (j1, j2) ∈ ([m]2−{(i, i) :
i ∈ [m]}). An easy calculation then yields:

PDP (G,H′) =
1

m

(
(m− 1)n1+n2−1 − (m− 1)n2−1 − (m− 1)n1−1 −m− 1

)
which completes the proof.

3. A Counterexample for Triangle-Gluings

In this section,a we will show that there exists a graph G such that G∗, a triangle gluing of G and K4, satisfies
PDP (G∗,m) > PDP (G,m)PDP (K4,m)/(m(m − 1)(m − 2)) for m = 4. This gives us a counterexample to an
affirmative answer for Questions 1.1 and 1.2 with p = 3 and dG(v) = 3 respectively.

Let G0 = K1 ∨ Θ(2, 2, 2). Let w be the universal vertex in G0. In the copy of Θ(2, 2, 2), let v1, v2 be the
degree 3 vertices and u1, u2, u3 be the degree 2 vertices. In the following, we will denote G0[{v1, v2, u1, u2, u3}]
by G′.

Lemma 3.1. PDP (G0, 4) ≤ 104 < P (G0, 4) = 120.

Proof. Since Θ(2, 2, 2) is isomorphic to K2,3, and P (K2,3, 3) = 30, it follows that P (G0, 4) = 120. To complete
the proof, we now argue that PDP (G0, 4) ≤ 104.

We construct a 4-fold cover H = (L,H) of G0. Let L(u) = {(u, j) : j ∈ [4]} for u ∈ V (G0). The cross-
edges are defined for each j ∈ [4] as: (u, j)(v, j) ∈ E(H) whenever uv ∈ (E(G0) − {v1u2, v1u3}); (v1, j)(u2, (j
mod 4) + 1) ∈ E(H); (v1, j)(u3, (j + 1 mod 4) + 1) ∈ E(H).

We claim that N((w, j),H) = 26 for each j ∈ [4]. This will imply that PDP (G0,H) = 104, since w is the
universal vertex in G0.

We will count the number of possibilities for picking vertices in H to form an H-coloring I of G0. Without
loss of generality, suppose (w, 1) ∈ I. Then I can not contain any vertices in {(ui, 1) : i ∈ [3]} ∪ {(vj , 1) : j ∈
[2]}. Let H ′ be the subgraph of H that remains after removing L(w) and the five vertices in this set. Let
L′(u) = {(u, j) : j ∈ {2, 3, 4}} for u ∈ {v1, v2, u1, u2, u3}. Then, H′ = (L′, H ′) is a 3-fold cover of G′ (recall G′ is
a copy of Θ(2, 2, 2), or equivalently K2,3). Clearly N((w, 1),H) equals PDP (G′,H′), the number of H′-colorings
of G′.

Let H′′ be the subcover of H′ corresponding to G′′ = G′ − {v1u2, v1u3}. It is immediately clear that H′′ is
a full 3-fold cover of G′′. Since G′′ is a tree, H′′ has a canonical labeling (by Proposition 2.1) and there are 48
H′′-colorings of G′′. To find PDP (G′,H′), we need to determine the number of these H′′-colorings of G′′ that
are not also H′-colorings of G′ and subtract this number from 48.

Note {(v1, 2)(u2, 3), (v1, 3)(u2, 4)} = EH′(L′(v1), L′(u2)). Let A be the set of all H′′-colorings containing
(v1, 2) and (u2, 3), and B be the set of all H′′-colorings containing (v1, 3) and (u2, 4). Then |A| = |B| = 6.
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Similarly, note {(v1, 2)(u3, 4), (v1, 4)(u3, 2)} = EH′(L′(v1), L′(u3)). Let C be the set of all H′′-colorings
containing (v1, 2) and (u3, 4), and D be the set of all H′′-colorings containing (v1, 4) and (u3, 2). Then |C| =
|D| = 6.

Notice A,B,C,D are pairwise disjoint except |A ∩ C| = 2. Hence |A ∪ B ∪ C ∪D| = 22. Therefore, there
are 48− 22 = 26 H′-colorings of G′ and N((w, 1),H) = 26, as claimed.

Next, we will prove that any “precoloring” of vertices of a K3 in G0 can be extended to an H-coloring of G0

for any 4-fold cover H of G0. In the following, if x, y, z are the vertices of a clique of order 3 in a graph G, we
will say that xyz is a triangle in G.

Lemma 3.2. Let x1x2x3 be a triangle in G0. Let H = (L,H) be any 4-fold cover of G0. Then,

N({p1, p2, p3},H) ≥ 1

whenever {p1, p2, p3}, with pi ∈ L(xi), is an independent set in H.

Proof. Note that w, the universal vertex in G0, must be one of x1, x2, x3. When we remove x1, x2, x3 from
G0, we are left with a copy of P3. Let y1 be the vertex of highest degree in G0 − {x1, x2, x3}, and y2, y3 be
the remaining two degree 1 vertices. Starting with the given vertices {p1, p2, p3}, we can greedily complete an
H-coloring of G0 picking either of two available vertices in L(y1), followed by the vertices available in L(y2) and
L(y3).

The final ingredient in the construction is the following operation (sometimes called a tessellation) on a
graph G containing a triangle abc: T (G, abc) is the graph obtained from G by adding a new vertex d along
with edges that make d a common neighbor to the vertices a, b, c. Note that T (G, abc) creates a graph that is
equivalent to a triangle-gluing of G with a K4.

G0 has a total of 6 triangles (each of the form wviuj , i ∈ {1, 2}, j ∈ {1, 2, 3}). Let us name the triangle
wv1u1 as t1 and arbitrarily name the remaining five triangles as ti, i ∈ {2, . . . , 6}. Let Gk = T (Gk−1, tk) for
each k ∈ [6]. We will use the name di for the new vertex introduced in Gi for each i ∈ [6].

Lemma 3.3. If G1, . . . , G5 are not counterexamples for an affirmative answer to Question 1.1, then G6 is such
a counterexample.

Proof. Let G∗ = G6. Note that PDP (K4, 4) = 24. So, the hypotheses of the Lemma imply that for each i ∈ [5],
PDP (Gi, 4) ≤ PDP (Gi−1, 4)PDP (K4, 4)/24; that is, PDP (G0, 4) ≥ PDP (G1, 4) ≥ PDP (G2, 4) ≥ PDP (G3, 4) ≥
PDP (G4, 4) ≥ PDP (G5, 4). To show G∗ is a counterexample, we will show that PDP (G∗, 4) > PDP (G0, 4).

For the sake of contradiction, assume PDP (G∗, 4) ≤ PDP (G0, 4). We know PDP (G0, 4) < P (G0, 4) by
Lemma 3.1. Let H∗ = (L∗, H∗) be a 4-fold cover of G∗ that gives the minimum number of DP-colorings of G∗,
PDP (G∗, 4) = PDP (G∗,H∗). Let H0 = (L0, H0) be the subcover of H∗ induced by V (G0).

Suppose H0 has a canonical labeling. Then we have P (G0, 4) = 120 H0-colorings of G0. Since each of the
new tessellation vertices d1, . . . , d6 in G∗ is of degree 3, each of these H0-colorings can be extended to an H∗ of
G∗. This contradicts PDP (G∗, 4) < P (G0, 4). Thus, H0 has no canonical labeling.

We will now rename the vertices of H0 and H∗ as L∗(u) = L0(u) = {(u, j) : j ∈ [m]} for all u ∈ V (G0)−{w}
in such way that the cross-edges of H0 incident to vertices in L0(w) are of the form (w, j)(v, j) for each
v 6= w in V (G0). Since H0 has no canonical labeling, at least one of the matchings EH0(L(u), L(v)), where
u, v ∈ V (G0) − {w}, is twisted ; that is, there exists an l ∈ [4] such that (u, l)(v, l) 6∈ E(H0). Without loss
of generality, we can assume that the matching EH0

(L(u1), L(v1)) is twisted. Importantly, this implies that if
H1 = (L1, H1) is the subcover of H∗ induced by {w, u1, v1}, then H1 does not have a canonical labeling (see
the argument for Lemma 14 in [15]). Let d = d1. Recall d is the tessellation vertex introduced in the triangle
wu1v1. We can now rename the vertices of L∗(d), L∗(u1), and L∗(v1) such that the cross-edges of H∗ incident
to the vertices of L∗(d) are of the form (d, j)(v, j) for each v ∈ {w, u1, v1}. Also, rename the vertices of L0(u1)
and L0(v1) in the same way the vertices of L∗(u1) and L∗(v1) were renamed.

Using the naming schemes described above for H0 and H∗, let C0 be the set of all H0-colorings of G0, and
let C∗ be the set of all H∗-colorings of G∗. Since each of the new tessellation vertices, di, has degree 3, each
H0-coloring of G0 can be extended to a H∗-coloring of G∗. Hence the following function is well-defined. Let
f : C0 → P(C∗) be given by f0(I) = {C ∈ C∗ : I ⊆ C}.

By definition, f(I) ∩ f(J) = ∅ for I 6= J . And, as noted above, |f(I)| ≥ 1 for all I ∈ C0. This means
PDP (G0, 4) ≤ PDP (G0,H0) ≤

∑
I∈C0 |f(I)| ≤ |C∗| = PDP (G∗,H∗) = PDP (G∗, 4). Next, we will argue that,

in fact PDP (G0,H0) <
∑
I∈C0 |f(I)|, which will lead to a contradiction to our assumption that PDP (G0, 4) ≥

PDP (G∗, 4).
Let H2 = (L2, H2) be the subcover of H∗ induced by {w, v1, u1} (note that H1 and H2 are isomorphic but

may have different vertex names) and C2 be the set of all H2-colorings of G0[{w, v1, u1}]. Since H2 has no
canonical labeling, the argument for Lemma 23 in [14] implies that PDP (G0[{w, v1, u1}],H2) > P (C3, 4) which
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means PDP (G0[{w, v1, u1}],H2) ≥ 25. So, there exists A = {(u1, i), (v1, j), (w, l)} ∈ C2 such that |{i, j, l}| ≤ 2.
By Lemma 3.2, there exists a D ∈ C0 such that A ⊆ D. Since |L∗(d) − {(d, i), (d, j), (d, l)}| ≥ 2, |f(D)| ≥ 2.
This implies PDP (G0,H0) <

∑
I∈C0 |f(I)|, as claimed.

4. General Gluings

The issue with trying to generalize the proof of Theorem 1.2 to Kp-gluings with p ≥ 3 is that Definition 2.2
does not easily generalize to K3-gluings. In particular, the part of Definition 2.2 where we rename vertices so
that (ui, j)(vi, j) ∈ E(Hi) for each j ∈ [m] may not be possible when a cycle is present in the clique we are
gluing. The counterexample in Section 3 shows that this issue is sometimes unavoidable. So, in this section we
prove a weaker result by not considering all full covers; that is, we prove Theorem 1.3.

Suppose p ≥ 1 and G is an arbitrary graph such that K = {v1, . . . , vp} is a clique in G. Recall that an
m-fold cover H = (L,H) of G is conducive to K if H is full and the m-fold cover HK of G[K] admits a
canonical labeling. Unless otherwise noted, if H = (L,H) is conducive to {v1, . . . , vp}, we will assume that
L(vq) = {(vq, j) : j ∈ [m]} for each q ∈ [p] and that {(vq, j) : q ∈ [p]} is a clique in H for each j ∈ [m].

Suppose G is an arbitrary graph, K is a clique in G, and m ∈ N. The K-canonical DP-Color Function of
G, P ′DP (G,K,m), is the minimum value of PDP (G,H) where the minimum is taken over all m-fold covers of G
conducive to K. Clearly, P ′DP (G,K,m) ≥ PDP (G,m). We are now ready to present an important generalization
of Definition 2.2.

Definition 4.1. For some n ≥ 2, suppose that G1, . . . , Gn are vertex disjoint graphs such that {ui,1, . . . , ui,p}
is a clique in Gi for each i ∈ [n]. For each i ∈ [n], suppose Hi = (Li, Hi) is an m-fold cover of Gi conducive
to {ui,1, . . . , ui,p}. Let fk+1 be a permutation of [m] for each k ∈ [n − 1], and let F = (f2, . . . , fn). Let G be
the graph obtained by identifying u1,q, . . . , un,q as the same vertex uq for each q ∈ [p]. The F -amalgamated
m-fold cover of G obtained from H1, . . . ,Hn is an m-fold cover H = (L,H) of G defined as follows. In the
special case where n = 2, we may also say f2-amalgamated m-fold cover of G obtained from H1 and H2.

For each i ∈ [n], assume Li(x) = {(x, j) : j ∈ [m]} for each x ∈ V (Gi). For each i ∈ [n], let Xi be the set
of edges in Hi that are incident to at least one element in

⋃p
q=1 Li(ui,q). Let L(x) = {(x, j) : j ∈ [m]} for each

x ∈ V (G). Construct edges in H so that for each q ∈ [p], L(uq) is a clique in H. Construct edges in H so that⋃n
i=1(E(Hi) −Xi) ⊆ E(H). Then for each j ∈ [m], k ∈ [n − 1], and q ∈ [p], whenever (x, r)(u1,q, j) ∈ E(H1)

where (x, r) /∈
⋃p
q=1 L1(u1,q) or (x, r)(uk+1,q, fk+1(j)) ∈ E(Hk+1) where (x, r) /∈

⋃p
q=1 Lk+1(uk+1,q), construct

the edge (x, r)(uq, j) in H. Finally, construct edges in H such that {(uq, j) : q ∈ [p]} is a clique in H for each
j ∈ [m].

Clearly, the F -amalgamated m-fold cover of G obtained from H1, . . . ,Hn is conducive to {u1, . . . , up}. Below
is an illustration of Definition 4.1 with n = 2, m = 3, G1 = K4− e, and G2 is a C3 with an pendant edge. Note
in the drawing of each cover below only the cross-edges of each cover are shown.

u1,1

u1,2

G1

u1,3

v1

u2,1

G2

u2,2

u2,3

v2

u1

G
u2

u3

v1 v2

H1 H2f2
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H

Before we prove Theorem 1.3, we need a lemma.

Lemma 4.1. Suppose that G1, . . . , Gn are vertex disjoint graphs where n ≥ 2 and G ∈
⊕n

i=1(Gi, p) where
for each i ∈ [n], {ui,1, . . . , ui,p} is a clique in Gi and G is obtained by identifying u1,q, . . . , un,q as the same
vertex uq for each q ∈ [p]. For each i ∈ [n], suppose that Hi = (Li, Hi) is an m-fold cover of Gi conducive
to {ui,1, . . . , ui,p}. For each 2 ≤ i ≤ n, suppose fi is a permutation of [m]. Let F = (f2, . . . , fn). Let γ1
be the identity permutation of [m]p, and let γi : [m]p → [m]p be the function defined by γi((j1, . . . , jp)) =
(fi(j1), . . . , fi(jp)) for each 2 ≤ i ≤ n. For any j = (j1, . . . , jp) ∈ [m]p, let Pi,j = {(ui,q, jq) : q ∈ [p]}. Let
D =

∑
j∈[m]p N(P1,j,H1)

∏n
i=2N(Pi,γi(j),Hi). Then PDP (G,H) = D where H is the F -amalgamated cover of

G obtained from H1, . . . ,Hn which implies P ′DP (G, {ui,1, . . . , ui,p},m) ≤ D.

Proof. For each j = (j1, . . . , jp) ∈ [m]p such that j1, . . . , jp are pairwise distinct, let Pj = {(uq, jq) : q ∈ [p]}. Let
Ii,j be the set of all Hi-colorings of Gi that contain Pi,j for each i ∈ [n], and Ij be the set of all H-colorings of G
that contain Pj. Let gj :

∏n
i=1 Ii,γi(j) → Ij be given by gj((I1,γ1(j), . . . , In,γn(j))) = (

⋃n
i=1(Ii,γi(j)−Pi,γi(j)))∪Pj.

Given a fixed element j = (j1, . . . , jp) of [m]p such that j1, . . . , jp are pairwise distinct, we will now prove
that gj is a bijection. First, we will show that gj is a function. Notice |(

⋃n
i=1(Ii,γi(j) − Pi,γi(j))) ∪ Pj| =

p +
∑n
i=1(|V (Gi)| − p) = |V (G)|. By the definition of F -amalgamated cover of G obtained from H1, . . . ,Hn,

vw ∈ E(H) for some v, w ∈ Ii,γi(j) − Pi,γi(j) if and only if vw ∈ E(Hi) for some i ∈ [n]. Since Ii,γi(j) is an
independent set in Hi for each i ∈ [n] and V (G1), . . . , V (Gn) are pairwise disjoint,

⋃n
i=1(Ii,γi(j) − Pi,γi(j)) is an

independent set inH. By the definition of F -amalgamated cover ofG obtained fromH1, . . . ,Hn, (uq, j)(uq′ , j
′) ∈

E(H) when q 6= q′ if and only if j = j′. Since j1, . . . , jp are pairwise distinct, Pj is an independent set in H. By
the definition of F -amalgamated cover of G obtained from H1, . . . ,Hn, (uq, jq)v ∈ E(H) for some (uq, jq) ∈ Pj

and v ∈ Ii,γi(j) − Pi,γi(j) if and only if (u1,q, jq)v ∈ E(H1) or (ui+1,q, fi+1(jq))v ∈ E(Hi) for some i ∈ [n − 1].
Since Ii,γi(j) is an independent set in Hi for each i ∈ [n], (

⋃n
i=1(Ii,γi(j) − Pi,γi(j))) ∪ Pj must be an independent

set in H.
Now we will construct the inverse of gj, hj. Let hj : Ij →

∏n
i=1 Ii,γi(j) be given by hj(Ij) = (x1, . . . , xn)

where xi = (V (Hi) ∩ Ij) ∪ Pi,γi(j) for each i ∈ [n]. First, we will show that hj is a function. Clearly, x1 =
(V (H1) ∩ Ij) ∪ P1,j ∈ I1,γ1(j). Now we will show xi ∈ Ii,γi(j) for each 2 ≤ i ≤ n. By the definition of F -
amalgamated cover of G obtained from H1, . . . ,Hn, because Ij is an independent set in H, V (Hi) ∩ Ij is an
independent set in Hi. Since Hi is conducive to Pi,j, (ui,q, j)(ui,q′ , j

′) ∈ E(Hi) when q 6= q′ if and only if j = j′.
Since j1, . . . , jp are pairwise distinct, fi(j1), . . . , fi(jn) are pairwise distinct. Thus, Pi,γi(j) is an independent set
in Hi. By the definition of F -amalgamated cover of G obtained from H1, . . . ,Hn, (ui,q, fi(jq))v ∈ E(Hi) for
some v ∈ V (Hi) ∩ Ij if and only if (uq, jq)v ∈ E(H). Notice (uq, jq)v /∈ E(H) because (uq, jq), v ∈ Ij. Thus,
xi = (V (Hi) ∩ Ij) ∪ Pi,γi(j) ∈ Ii,γi(j).

Finally, we will show that gj and hj are inverses. We calculate

gj(hj(Ij)) = gj((x1, . . . , xn)) =

(
n⋃
i=1

(((V (Hi) ∩ Ij) ∪ Pi,γi(j))− Pi,γi(j))

)
∪ Pj

=

(
n⋃
i=1

V (Hi) ∩ Ij

)
∪ Pj = Ij.

We calculate

hj(gj((I1,γ1(j), . . . , In,γn(j)))) = hj

((
n⋃
i=1

(Ii,γi(j) − Pi,γi(j))

)
∪ Pj

)
= (y1, . . . , yn)

ECA 4:2 (2024) Article #S2R11 12



H. Kaul, M. Maxfield, J.A. Mudrock, and S. Thomason

where for each l ∈ [n],

yl =

((
n⋃
i=1

(Ii,γi(j) − Pi,γi(j)) ∪ Pj

)
∩ V (Hl)

)
∪ Pl,γl(j)

=
(
(Il,γl(j) − Pl,γl(j)) ∩ V (Hl)

)
∪ Pl,γl(j)

=
(
(Il,γl(j) − Pl,γl(j)) ∪ Pl,γl(j)

)
∩ V (Hl) = Il,γl(j).

Therefore, gj is bijection. As such,

N(Pj,H) = |Ij| =
n∏
i=1

|Ii,γi(j)| = N(P1,j,H1)

n∏
i=2

N(Pi,γi(j),Hi)

for each j = (j1, . . . , jp) ∈ [m]p such that j1, . . . , jp are pairwise distinct. Note PDP (G,H) =
∑

j∈[m]p N(Pj,H).

Also note that N(Pj,H) = 0 when any two distinct coordinates of j are equal. Therefore, PDP (G,H) = D
which implies that P ′DP (G, {ui,1, . . . , ui,p},m) ≤ D.

We are now ready to prove Theorem 1.3.

Proof. The proof is by induction on n. We begin by proving the result for n = 2. Let X = {u1, . . . , up}, and
let Xi = {ui,1, . . . , ui,p} for each i ∈ [2]. Suppose Hi = (Li, Hi) is an m-fold cover of Gi conducive to Xi such
that PDP (Gi,Hi) = P ′DP (Gi, Xi,m). For every j = (j1, . . . , jp) ∈ [m]p, let Pi,j = {(ui,q, jq) : q ∈ [p]} for each
i ∈ [2]. Let fσ : [m]p → [m]p be the function defined by fσ((j1, . . . , jp)) = (σ(j1), . . . , σ(jp)) where σ ∈ Sm and
Sm is the symmetric group on [m]. Notice fσ is a permutation.

Suppose T is the set of all (j′1, . . . , j
′
p) ∈ [m]p such that j′1, . . . , j

′
p are pairwise distinct. Notice for each

(j′1, . . . , j
′
p), (j

′′
1 , . . . , j

′′
p ) ∈ T , |{σ ∈ Sm : fσ((j′1, . . . , j

′
p)) = (j′′1 , . . . , j

′′
p )}| = (m − p)!. So, for each j′ ∈ T and

σ′ ∈ Sm,
∑
σ∈Sm N(P2,fσ(j′),H2) = (m−p)!

∑
j∈T N(P2,fσ′ (j)

,H2). Notice for each i ∈ [2], N(Pi,j,Hi) = 0 when
any two distinct coordinates of j are equal which implies that

∑
j∈T N(P2,fσ′ (j)

,H2) =
∑

j∈[m]p N(P2,fσ′ (j)
,H2).

Notice P ′DP (G1, X1,m) =
∑

j∈[m]p N(P1,j,H1) and P ′DP (G2, X2,m) =
∑

j∈[m]p N(P2,fσ(j),H2) for each σ ∈ Sm.

Let Dσ =
∑

j∈[m]p N(P1,j,H1)N(P2,fσ(j),H2). We calculate that for any σ′ ∈ Sm,∑
σ∈Sm

Dσ =
∑
σ∈Sm

∑
j∈[m]p

N(P1,j,H1)N(P2,fσ(j),H2)

=
∑

j∈[m]p

(
N(P1,j,H1)

∑
σ∈Sm

N(P2,fσ(j),H2)

)

=
∑

j∈[m]p

N(P1,j,H1)(m− p)!
∑

j∈[m]p

N(P2,fσ′ (j)
,H2)


= (m− p)!P ′DP (G2, X2,m)

∑
j∈[m]p

N(P1,j,H1)

= (m− p)!P ′DP (G2, X2,m)P ′DP (G1, X1,m).

By Lemma 4.1, we know that P ′DP (G,X,m) ≤ Dσ for each σ ∈ Sm. Thus, there is a σ′ ∈ Sm such that

P ′DP (G,X,m) ≤ Dσ′ ≤
∑
σ∈Sm Dσ

m!
=
P ′DP (G1, X1,m)P ′DP (G2, X2,m)∏p−1

i=0 (m− i)

which completes the basis step since PDP (G,m) ≤ P ′DP (G,X,m).
Now suppose n ≥ 3 and the result holds for all natural numbers greater than 1 and less than n. Let G′ be

the graph obtained by identifying u1,q, . . . , un−1,q as the same vertex u′q for each q ∈ [p]. Let X ′ = {u′1, . . . , u′p}.
By the inductive hypothesis, for each m ≥ p,

P ′DP (G′, X ′,m) ≤
∏n−1
i=1 P

′
DP (Gi, Xi,m)∏p−1

i=0 (m− i)n−2
.

Notice G is the graph obtained by identifying u′q and un,q as the same vertex uq for each q ∈ [p]. Thus, by the
inductive hypothesis,

P ′DP (G,X,m) ≤ P ′DP (G′, X ′,m)P ′DP (Gn, Xn,m)∏p−1
i=0 (m− i)

≤
∏n
i=1 P

′
DP (Gi, Xi,m)∏p−1

i=0 (m− i)n−1

which implies that PDP (G,m) ≤ (
∏n
i=1 P

′
DP (Gi, Xi,m)) /

(∏p−1
i=0 (m− i)n−1

)
.
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[18] I. Kř́ıž and R. Thomas, Clique-sums, tree-decompositions and compactness, Discrete Math. 81 (1990),
177—185.

[19] J. Mudrock, A deletion-contraction relation for the DP color function, Graphs and Combin. 38 (2022),
Article 115.

[20] J. Mudrock and S. Thomason, Answers to two questions on the DP color function, Electron. J. Comb. 28
(2021), P2.24.

[21] N. Robertson and P.D. Seymour, Graph minors XVI Excluding a non-planar graph, J. Combin. Theory
Ser. B 89 (2003), 43–76.

[22] H. Ruderman, Two new inequalities, Amer. Math. Monthly 59 (1952), 29–32.

[23] C. Thomassen, The chromatic polynomial and list colorings, J. Combin. Theory Ser. B 99 (2009), 474–479.

[24] V. G. Vizing, Coloring the vertices of a graph in prescribed colors, Diskret. Analiz. no. 29, Metody Diskret.
Anal. v Teorii Kodovi Skhem 101 (1976), 3–10.

[25] W. Wang, J. Qian, and Z. Yan, When does the list-coloring function of a graph equal its chromatic polyno-
mial, J. Combin. Theory Ser. B 122 (2017), 543–549.

[26] D. B. West, Introduction to Graph Theory. Upper Saddle River, NJ: Prentice Hall, 2001.

[27] M. Zhang and F. Dong, DP color functions versus chromatic polynomials (II), J. Graph Theory 103 (2023),
740–761.

ECA 4:2 (2024) Article #S2R11 14


