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1. Introduction

For positive integers m and n, Young’s lattice L(m,n) refers to the partially ordered set (poset) of m-tuples

(a1,a2,++ ,am), where 0 < a3 < ag < -+ < a,, < n, with the ordered relation (a1, ag, -+ ,am) < (b1,b2, -+, bm)
ifa; <b; foralli=1,2,---,m.
The rank of @ = (a1, az, - ,am) is defined as rank(@) = 1", a;, and a chain o7 < 03 < --- < U}

in L(m,n) is called saturated if it skips no ranks and is called symmetric if rank(v_f) + rank(v_;g) =mn. A
symmetric chain decomposition (SCD) of a poset is a way to express it as a disjoint union of saturated symmetric
chains.

Stanley [3] conjectured that Young’s lattice L(m,n) has an SCD, and various SCDs for L(4,n) and L(3,n)
have been constructed ( [5], [1] and [4]). One of the major problems in order theory is the explicit construction
of SCDs for Young’s Lattice for all m and n. In 1989, Kathy O’Hara ( [2], see also [6]) constructed SCDs for the
trivial extension of L(m,n), in which all partitions of one rank are related to the next. However, the problem
remains wide open for Young’s lattice itself.

There are more than 30 types of symmetric chains found in the SCD of L(5,n). To present the information
neatly and clearly, we focus on nine types of parallel chains in Section 2. In Section 3, we illustrate how to
obtain symmetric chains from these parallel chains, and finally, we provide a computer proof in Section 4.

2. A list of disjoint parallel chains of L(5, n)

Here are nine types of disjoint chains of L(5,n) from which an SCD of L(5,n) could be derived. We refer to
these chains as parallel chains because, with varying parameters p and ¢ while keeping other parameters fixed,
they can form rectangles (Section 3).

Parameters i, j, k, u, p, ¢, and w in these tables are all non-negative integers. One line of vertical dots in
these tables represents an abbreviated saturated chain with only one entry increasing. Two lines of vertical dots
(in tables Cs, Cy, C5, and Cg) represent an abbreviated saturated chain with a zigzag path where two entries
increase by 1 alternatively. There are two helper rows with an extra parameter ¢, which serves as an increasing
iterator, in the zigzag path. For example, in chain C5, the first and third entries increase by 1 alternatively at
the beginning. It is also worth mentioning that when n = 2u + 7+ 65 + 4k + 3i, it is a special case of table 6
that does not include the first segment of the table. For n = 2u + 7 + 65 + 4k + 3i, parallel chains start from
the darkened row of table 6.
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2+42i+2j+3k<n

(p, k, J+k, T+i+j+2k, 1+i+25+2k)

(p, k, 1+i+j:+k+p, L+i+j+2k 140425+ 2k)

(p, 1+z'+:j+k, 1+i+j+k+p, 14+i+j+2k 1+i+2j5+2k)

(1+;+k, 1+i+j+k, l1+i+j+k+p, 1+i+j+2k 14+i+2j+2k)
(1+i+k, 1+i+j+k, I1+i+j+k+p,  1+i+j+2k, —k+:n+p)
(1+i+k, L+i+j+k, 1+i+j+k+p, —k+n —k+n+p)
(1+i+k, 14+i4j+k, —j—:k—i-n, —k+mn, —k+n+p)
(1+i+k, —1—i—j:—2k:+n7 —j—k+n, —k+mn, —k+n+p)
(—1—i—2:j—2k+n, —1—i—j—2k+n, —j—k+n, —k +n, —k+n+p)

Table 1: Parallel chains C7, 0 <p <k

34+2i+2j+3k<n

k- p, k, J+Fk, T+itj+2k  2+i+2j+2k)
(k — p, k, Jj+k, 14447+ 2k, —1—@':—/{:—0—71)
(k — p, k, Jj+k, —l—z'—:j—k—i-n, —1—-i—k+n)
(k — p, k, —1—i—j:—k+n—p, —1—-i—j—k+n, -1—-i—k+n)
(k—p, —1—i—;—2k+n, —1—-i—j—k+n—-p, -1—i—j—k+n, —-1—i—k+n)

(-1—i—2j—2k+n, —l—i—j—2k+n, —-l—i—j—k+n—p —l—i—j—k+n, —1—i—k+n)

(-1—i—2—2%+n, —l—i—j—2k+n, —l—i—j—k+n—p, —l—i—j—k+n, n —p)
(-1—i—-2j—-2k+n, —-1—i—j5—2k+n, —-1—i—j—k+n—np, —k +n, n—p)
(-1—i—-2j—-2k+n, —-1—i—j5—2k+n, —-1—j—k+mn, —k +mn, n—p)

Table 2: Parallel chains Co, 0 < p < k
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0<u<l1
2u+1+6j+4k+3i<n
2<t<i—1
@7, it2i+p, it2j+ 2% +u 2 +4j + 2k + u, 2i + 4j + 4k + 2u)
(1+ 24, i+ 2§ +p, i+ 2+ 2% +u, 2+ 45 + 2k + u, % + 45 + 4k + 2u)
(1+ 24, i+ 2§ +p, 1+ +2j + 2k + u, % + 45 + 2k + u, 2+ 4j + 4k + 2u)
(t+ 2, i+2j+p, t—14+1i+2j+2k+u, 24475 + 2k + u, 20 + 45 + 4k + 2u)
(t+2j, i+ 2j 4 p, t+it+2j + 2k +u, 2+ 45 + 2k + u, 2 + 47 + 4k + 2u)
(i +2j, i+ 2§ +p, 2% —142j+ 2k +u, 2+ 45 + 2k + u, 2 + 4j + 4k + 2u)
(i +2j, i+ 2§ +p, 2+ 2j + 2k + u, 2+ 45 + 2k + u, 2 + 4 + 4k + 2u)
(1427, i+2j+p, 2i 425 + 2k + u, 2i+4j5 + 2k + u, —2j+mn)
(i + 27, i+ 2j +p, %+ 25 + 2k + u, 2 2%k +ntp—u —92j +n)
(i + 27, i+ 25 +p, —i—2j—2k+n—u, —i—2j—2k+n+p—u, —2j+n)
(i + 27, —2i — 45 —2k+n—u, —1—2j—2k+n—u, —i—2j—2k+n+p—u, —2j+n)
(=2i—4j—4k+n—2u, —2i—4j—2k+n—u, —i—2j—2k+n—u, —i—2j—2k+n+p—u, —2j +n)

Table 3: Parallel chains C3, 0 < p <2k +u

0<u<l1
2u+4+65+4k+3i<n
2<t<i—1
1+ 27, 1+i+2j+p, T+i+25+2k +u, 24 2i + 45 + 2k + u, 34 20 + 45 + 4k + 2u)
(1 + 24, 14+i+2j+p, 2+ 4 2j + 2k + u, 24 2i + 45 + 2k 4 u, 3+ 20 + 45 + 4k + 2u)
(t + 24, 14+1i+ 25 +p, t+i+2j+2k+u, 2420+ 45+ 2k +u, 3+ 20+ 45 + 4k + 2u)
(t+ 24, 1+1i+2j+p, 1+t+i+2j+2k+u, 24 2i+4j + 2k + u, 34 2i + 45 + 4k + 2u)
(i + 27, 1+i+25+p, 2i + 2§ + 2k + u, 242i+4j+2k+u, 3+2i+ 45 + 4k + 2u)
(i + 24, 1+i+2j+p, 1+ 20+ 25 + 2k + u, 24 20 + 45 + 2k 4 u, 3+ 2i + 45 + 4k + 2u)
(14 + 27, 144425 +p, 1+ 2i+ 25 + 2k +u, 24 2i + 45 + 2k 4 u, 34 20 + 45 + 4k + 2u)
(14 + 27, 14+i+425+p, 1420 +2j + 2k +u, 24 2+ 45 + 2k + u, —1—2j+n)
(141427, 1+i+2j+p, 142425+ 2k +u, —1—i—2j—2k+n+p—u, —1-2j+n)
(1414 + 27, 144425 +p, —1-i-2j—2k4+n—-—u, —-1-i-2j—2k+n+p—u, —1—2j+n)
(T+i4 2, —2-2i—4j—-2k+n—-u, —-1-i-2j—-2k+n—-u, —-1—-i-2j—-2k+n+p-—u, —1—-2j+n)
(=3—-2i—4j —dk+n—2u, —2-2i—4j—2k+n—-u, —-1-i—-2j—2k+n—u, —1—i-2j—2k+n+p—u, —1-2j+n)

Table 4: Parallel chains Cy, 0 < p <2k +u
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0<u<1
2u+4+65+4k+3i <n
1<t<i—-2
(27, T+i+2j+p, T+i+2j+2k+u, 2+ 2 + 45 + 2k + u, 3+ 2+ 45 + 4k + 2u)
(24, 14+i+2j+p, 14+i+2j+2k+u, 2+ 20+ 45 + 2k + u, —1—-i—2j+n)
(27, 14+i+2j+p, 14+i+25+2k+u, —1—-i—-2j—-2k+n+p—u, —1—-i—2j+n)
(24, 14+i+2j+p, —2—-2i—2j—2k+n—u, —1-i—-2j—-2k+n+p—u, —1—-i—2j+n)
(27, —2-2i—4j - 2k+n—u, —2-2i—-2j—2k+n—u, —1-i—-2j—-2k+n+p—u, —1—i—2j+n)
(-2—-2i—4j—4k+n—2u, —-2-2i—4j—2k+n—u, —2-2i—-2j-2k+n—u, —1-i—-2j-2k+n+p—u, —1—-i—2j+n)
(-2—-2i—4j—4k+n—2u, —-2-2i—4j—2k+n—u, —1—-2i—2j—-2k+n—u, —1-i—-2j—-2k+n+p—u, —1-i—2j+n)
(—2—2i—4j —4dk+n—2u, —-2-2i—4j—2k+n—u, —1-2i—-2j—-2k+n—u, —1-i-2j-2k+n+p—u, —i—2j+mn)
(-2—-2i—4j—4k+n—2u, —-2-2i—4j—2k+n—u, —1+t—2i—2j—2k+n—u, —-1—i—2j—2k+n+p—u, —1+t—i—2j+n)
(-2—-2i—4j—4k+n—2u, —-2-2i—4j—2k+n—u, —-1+t—2i—2j—2k+n—-u, —-1—-i—-2j—2k+n+p—u, t—i—2j+n)
(-2—-2i—4j—4k+n—2u, —2-2i—4j—2k+n—u, —2—i—2j—2k+n—u, —1—-i—-2j—-2k+n+p—u, —2—2j+n)
(-2—-2i—4j—4k+n—2u, —2-2i—4j—2k+n—u, —2—-1—2j—2k+n-—u, —1-i—-2j—-2k+n+p—u, —-1—-2j+n)
(-2—-2i—4j—4k+n—2u, —2-—2i—4j—2k+n—u, —1—i—2j—2k+n—u, —1—i—2j—2k+n+p—u, —1—2j+n)

Table 5: Parallel chains Cs, 0 < p < 2k + u

0<u<l1
Additional conditions 2u+T+65+4k+3i<n
1<t<i—2
2u+T+65+4k+3i<n (1425, 2+i+2j+p, 2+i+25+2k+u, 4420 +45 + 2k +u, 6+ 20+ 45 + 4k + 2u)
2u+T+6j+4k+3i<n (1427, 2+4+1i+2j+p, 241+ 25+ 2k +u, 442+ 45 + 2k +u, —2—i—2j+n)
Chains start from this row if
2u+7+6j +4k+3i =n. (1427, 2+i+2j+p, 2425k 2k, 54244542k +u, —2—i—2j+n)
(1424, 24i+2j+p, 24+i+2j+2k+u, —2—i—-2j—-2k+n+p—u, —2—-i—2j+n)
(1+25, 24+i+2j+p, —3-2i—2j—-2k+n—u, —2—-i-2j-2k+n+p—u, —2—i—2j+n)
(1+ 24, —4-2i—4j—2k+n—u, —-3-2i—2j—2k+n—u, —2—i—-2j—2k+n+p—u, —2—i—2j+n)
(=5—2i—4j—4k+n—2u, —-4-2i—4j—2k+n—u, —-3-2i—2j—2k+n—u, —2—-i-2j—-2k+n+p-u, —2—-i—2j+mn)
(—5—2i—4j —4k+n—2u, -4—2i—4j—2%k+n—u  —3-2—-2j—2k+n-u, -2—i—2j—2%k+n+p—u, —1—i—2+n)
(—5—2i—4j—dk+n—2u, -4—2i—4j—2%k+n—u,  —2-2-2j—2k+n-u,  -2—i—2j—2%k+n+p—u, —1—i—2j+n)
(=b—2i—4j—4k+n—2u, —4-2i—4j—2k+n—u, —-3+t—2i—2j—2k+n—-u, —-2—-i—-2j—2k+n+p—u, —1+t—i—2j+n)
(=b—2i—4j—4k+n—2u, —4-2i—4j—2k+n—u, —2+t—-2i—2j—2k+n—u, —-2—-i—-2j—2k+n+p—u, —14+t—i—2j+n)
(—=b—2i—4j—4k+n—2u, —4-2i—4j—-2k+n—u, —4—i—-2j—-2k+n—u, —2—-i—-2j—-2k+n+p—u, —2—2j+n)
(=5—2i—4j—4k+n—2u, —-4-2i—4j—2k+n—u, —3—i—2j—2k+n—u, —2—i—-2j—-2k+n+p—u, —2-2j+n)
(-b—2i—4j—4k+n—2u, —4-2i—4j—-2k+n—u, —3—i—2j—2k+n—u, —2—i—2j—2k+n+p—u —1-2j+n)

Table 6: Parallel chains Cg, 0 < p <2k +u
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u=nmod2, u € {0,1}

6+3u+6w+6i+2k=n

(1414, 24+ 2i+p+u+2w, 3+3i+k+u+ 2w, 44+ 4i+k+q+2u+4dw, 4+ 4i+2k+ 2u+ dw)
(I+i+u+2w, 242i+p+u+2w, 3+3i+k+u+ 2w, 44 4i+k+q+2u+4dw, 4+ 4i+2k+2u+ 4w)
(I+i+u+2w, 242i+p+u+2w, 34 3i+ k + 2u + 4w, 444i+k+q+2u+4dw, 4+ 4i+2k+2u+ 4w)
(I+i+u+2w, 242i+p+u+2w, 3+ 30+ k+ 2u+ 4w, 44 4i+k+qg+2u+4w, 5+ 4i+2k+2u+ 4w)
(14+2i+u+2w, 2+2i+p+u+2w, 34 3i+ k + 2u + 4w, 444i+k+q+2u+4w, 5+ 4i+2k+ 2u+ 4dw)
(1+2i+u+2w, 2+4+2i+p+u+ 2w, 34+ 3i+k+2u+ 4w, A444i+k+q+2u+4dw, 5+ 5i+2k+ 3u+ 6w)
(24+2i+u+2w, 24+2i+p+u+2w, 34 3i+ k + 2u + 4w, 44 4i+k+q+2u+4w, 5+ 5i+ 2k + 3u+ 6w)

Table 7: Parallel chains C7, 0 <p <k, 0<qg<p

u=nmod2, u € {0,1}

12 -3u+6w+6i+2k=n

(1+74,
3+ 21 —u+ 2w,
(

(34 2i —u+ 2w,
(442 —u+ 2w,

(44 2i —u+ 2w,

(44 2i —u+ 2w,

44+ 2i4+p—u+ 2w,

44+2i4+p—u+ 2w,

44+ 2i4+p—u+ 2w,
44+2i+p—u+2w,

44+ 2i4+p—u+ 2w,

442i4+p—u+ 2w,

5+3i+k—u+ 2w,
54+3t+k—u+ 2w,

54+3i+k—u+ 2w,
54+3i+k—u+ 2w,

T+ 3i+k —2u+ 4w,

74+ 3i+ k —2u+ 4w,

8+4i+k+q—2u+ 4w,

8+4i+k+q—2u+ 4w,

8+4i+k+q—2u+ 4w,
8+4i+k+q—2u+ 4w,

84+4i+k+q—2u+ 4w,

8+4i+k+q—2u+ 4w,

9+ 4i+ 2k — 2u+ 4w)
9+ 4i + 2k — 2u + 4w)

9+ 5i + 2k — 2u + w)
9+ 5i + 2k — 2u + 4w)

9+ 5i + 2k — 2u + 4w)

10 + 5i + 2k — 3u + 6w)

Table 8: Parallel chains Cg, 0 <p <k, 0<qg<p

u =nmod2, u € {0,1}
2k +3u+ 6w =n

(0, P+ u+ 2w, k+ u+ 2w, k+q+2u+ 4w, 2k-+2u+ 4w)
(u—l—.2w, P+ u+ 2w, k+u+ 2w, k+q+2u+ 4w, 2k+2u—+4w)
(u+2w, p+u+2w, k+2u:+4w, k+q+2u+ 4w, 2k+2u—+4w)
(u+2w, p+u-+2w, k + 2u + 4w, k+ q+ 2u+ 4w, 2k+31;—|—6w)

Table 9: Parallel chains Cy, 0 <p <k,0<¢<p

3.

For fixed parameters i, j, and k, the chains of C; with parameters p = 0,1,--- , k form a rectangle illustrated
in the following figure.

Getting symmetric chains from parallel chains

ECA 4:1 (2024) Article #S2R5 5



Xiangdong Wen

p=20 [ ° ° ° ° ® [ ® ® ® ® ®
p=1 ® ® ® ® ® ° ° ® ® ® ® ®
p=2 ® ® ® ® ® ° ° ® ® ® ® ®
p=3 ° ® ® ® ® ° [ ® ® ° ® ®
p=k-—1 ® ® ® ® ® ® ® ® ® ®

p==k I ® ® ® ® ® ® ® ® ® ® I

Figure 1: A rectangle formed by parallel chains in C; for fixed i, j, k.

The perimeter of the rectangle contains up to 2 symmetric chains from the left-upper corner (the lattice
point with the lowest coordinates) to the right-bottom corner (the lattice point with the highest coordinates).
The two corner lattice points should be in the same chain, and in our cases, they could be in either of the
2 border chains. All symmetric chains are obtained by taking perimeters off these rectangles recursively, as
illustrated in the following figure.

Figure 2: Getting symmetric chains from parallel chains

We could get symmetric chains from parallel chains Cs, Cs, - - - , Cg similarly.
Parameters (g, p) with conditions 0 < p <k, 0 < ¢ < p in C7 (Cs, Cy) are actually elements in L(2, k) which
have an SCD

tt) > tt+1) > EGt+2)—> = (tk—t) > (t+1L,k—t) == (k—t,k—1)

where 0 <t < ng

Each element in a symmetric chain of L(2,k) corresponds to an L(5,n) parallel chain in C7 (Cs,Cy), and
these chains together also form a rectangle illustrated in the following figure. Symmetric chains could be
obtained by taking perimeters off these rectangles recursively.

ECA 4:1 (2024) Article #S2R5 6
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(¢,p)

(t,1) ° ° ° ° ° [ ° ® ® ®
(t,t+1) ® ® ® ® ® ° ® ® ® ®
(t,k—1t) ® ® ® ® ® ° ® ® ® ®
(t+1,k—1t) ° ° ° ° ° [ ° ® ® ®
(k—t,k—t)l ° ° ° ° ° ° ° ® ® ® l

Figure 3: A rectangle formed by parallel chains in C7 (Cs, Cy)
for fixed u,w,i,k, 0 <t < Lg]

4. Proof

It is trivial to check that the chains obtained in section 3 are saturated and symmetric.
The weight of an element @ = (ay,a2, -+ ,a,) in L(m,n) with commutative variables xg, 1, X2, , Tm
is defined as follows:

w(ﬁ) = ()" ()T Im L () P T Em L ()92 (g Y0
For a fixed m, it is easy to see that the total weight of all the elements in L(m,n)
oo
>, 2 w(@
n=07¢ecL(m,n)

constitutes an ordinary multivariate generating function:

1
(I—z0)(I—z1)(1 —z2) - (1 —zp,)

F('T07xl7"' ;xm) =

Each term in the expanded power series of F(zg,21, - , %) has a coefficient of 1 and corresponds to a
unique element in L(m,n). On the other hand, for each element in L(m,n), there is a unique corresponding
term in the power series of F(xg,21, - ,2m). Therefore, proving that each element in L(5,n) appears only
once in the SCD is equivalent to demonstrating that the total weights of all the elements in the chains are equal
to F(Io, T1,X2,x3,T4, 175).

As our symmetric chains are derived from parallel chains, we only need to prove that:

oo 9 L 1
ZZ Z w(d@) = (1 —20)(I —21)(1 —22)(1 — 23)(1 — 24)(1 — x5)

n=01i=1 geC;

where C1,Co, -+ ,Cg are the parallel chains in Section 2.

This is done by a computer program that sums up all the weights of items in chains Cy, Cs, ---, Cg. The
proof in Wolfram Language is available at
https://www.wolframcloud.com/obj/xwen/Published/SCDL5nProof . nb.

The function SC'DL5n[n|, which provides an SCD of L(5,n) written in Wolfram Language, is available at
https://www.wolframcloud.com/obj/xwen/Published/SCDL5n.nb.
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