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ABSTRACT: Let Wy(n) be the number of 2n-step walks in Z¢ which begin and end at the origin. We study the
exponent of 2 in the prime factorisation of this number; i.e., wg(n) = v2(Wy(n)). We show that, for each d,
there is a relationship between wg(n) and the number sa(n) of 1s in the binary expansion of n. For example,
wg(n) = sa(n) if d is odd and wg(n) = 2s2(n) if vo(d) = 1; while wg(n) > 3sa(n) if vo(d) = 2. The pattern
changes further when v5(d) > 3. However, for each d, we give the best analogous estimate of wg(n) together with
a description of all n where equality is attained. The methods we develop apply to a wider range of problems
as well, and so might be of independent interest.
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1. Introduction

Fix a positive integer d. For each positive integer n, let Wy(n) be the number of 2n-step walks in the d-
dimensional integer lattice Z? which begin and end at the origin. We assume that each step is of unit length;
so, from each point of Z?, there are 2d options for our next move.

Then Wi(n) = (27:’) and Wa(n) = (27?)2. When d > 3, though, closed-form formulas are no longer readily
apparent. The most natural expression we can write down is perhaps as follows: For each basis vector e;, we
must make the same number of steps pointing in direction e; as in direction —e;. Denote this number by x;.

Then
2n
Wa(n) = ’ v
d(n) Z <x17x1,$2,$2,--~7xdaxd> ( )

T1tret+-FxTg=n

Or, alternatively, let Sy be the Laurent polynomial 23 + 1/21 + 22 + 1/22 + -+ + 24 + 1/z4. Then Wy(n)
equals the constant term of S2"; so, for each fixed d, we get what is known as a constant-term sequence. Other
formulas as well as numerical data can be found on the On-Line Encyclopedia of Integer Sequences — henceforth,
OEIS. The entry [1] collects the full two-parameter array where both of d and n vary; and it links back to the
individual entries for the sequences obtained with d =1, 2, ..., 6.

Consider now the subset of those walks where the first n steps are all positive and the latter n steps are all
negative. (We call a step “positive” when its direction is among ey, es, ..., ; and “negative” when it is among
—ey, —€y, ..., —eq.) Let the number of such walks be W (n). Clearly, Wy(n) = (*")W;(n) and

oo v (L) w

T1t+zo+-FxTa=n

The numbers W] (n) also appear in the combinatorics of words. An Abelian square is a word of even length
whose first and second halves are anagrams [5]; so WJ(n) is the number of Abelian squares of length 2n over an
alphabet with d letters. The full two-parameter array is collected in the OEIS entry [2], alongside links to the
individual entries for the sequences obtained with d = 1, 2, ..., 6. The case of d = 4 is especially significant [3]
— the terms of the associated sequence are known as the Domb numbers.

It was conjectured by Bhattacharya that the number B(m,n) of 2m x 2n balanced grid colourings exhibits
certain arithmetical properties; see [10]. A simple bijective argument shows that B(1,n) = Wi(n) and B(2,n) =
Ws(n). (This seems to be a “happy coincidence”, in the sense that B(m,n) and Wy(n) are not related in an
obvious manner otherwise.) Hence, these arithmetical properties ought to be shared by Wi(n) and Ws(n) as



Nikolai Beluhov

well. Specifically, the implication is that the exponent of 2 in the prime factorisation of each one of Wi(n) and
W3(n) must equal the number sa(n) of 1s in the binary expansion of n.

It is natural now to wonder whether the numbers Wy(n) exhibit similar arithmetical properties for any other
values of d. A bit of thought quickly reveals that, in fact, the exponent of 2 in Wy(n) equals so(n) for all odd d.
By thinking a little harder, we can convince ourselves also that the exponent of 2 in Wy(n) equals 2s3(n) for
all d with d =2 (mod 4). We spell out both arguments in Section 2.

This feels like the beginning of a pattern. Given a positive integer z, let v5(z) denote the exponent of 2 in
the prime factorisation of z, and set wg(n) = vo(Wy(n)). The smallest value of d we have not resolved yet is
d = 4. The numerical data available on OEIS allows us to plot ws(n) over n =1, 2, ..., 50. (Table 1.) However,
at this point we suffer a temporary setback. Our naive expectation, extrapolating based on the families d = 1
(mod 2) and d = 2 (mod 4), would have been for wq(n) to equal 3sz2(n) if d = 4 (mod 8). This is, alas, not
what we actually observe when d = 4.

n 1|2 3 415 |6 7 89|10 11 |12 | 13 | 14 | 15 | 16
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33 | 34 | 35 |36 | 37 | 38 | 39 | 40 | 41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50

wa(n) 6 6 14 6 9 11 | 15 6 9 9 14 | 13 | 16 | 17 | 21 8 11 | 11

Table 1:

Looking at our experimental data somewhat more closely, we find that ws(n) and 3s3(n) do seem to be
related after all — though by means of an inequality instead of an identity, with w4(n) > 3s2(n). Furthermore,
the exact relation wy(n) = 3s2(n) does hold for a lot of the values of n in Table 1, even if it is not universal.
By feeding these values back into the OEIS search engine, we find that they coincide with the first few positive
integers whose binary expansions do not contain two adjacent 1s. We will show, in Section 6, that both of these
observations generalise to all d =4 (mod 8) and n.

The family d = 8 (mod 16) comes next. Once again, there is an obvious extrapolation based on our current
knowledge: wg(n) > 4s5(n). Once again, it is thwarted by the experimental data. When we go past vo(d) = 2,
the slope of the associated linear function of s3(n) stabilises and remains equal to 3 for all v5(d) > 3; but we
get a constant term, too, which does grow together with v5(d). The sequence of those n for which our linear
lower bound is exactly equal to wq(n) stabilises as well; however, it settles into a different pattern from the one
which occurs when v5(d) = 2. Our findings can be summarised as follows:

Theorem. The exponent wq(n) of 2 in the prime factorisation of the number of d-dimensional 2n-step origin-
to-origin lattice walks Wy(n) satisfies the following identities and inequalities:

(a) If va(d) = 0, then wq(n) = sa2(n).

(b) If va(d) = 1, then wq(n) = 2s2(n).

(c) If va(d) = 2, then wq(n) > 3sa(n). Equality is attained if and only if the binary expansion of n does not
contain two adjacent 1s.

(d) If va(d) > 3, let § = vo(d) — 2. Then wq(n) > 3s2(n)+ 3. Equality is attained if and only if, in the binary
expansion of n, all of the 1s come before all of the Os.

The linear lower bounds in parts (¢) and (d) are the best possible, in the sense that neither the slope can
be improved; nor, given the optimal slope, can the constant term be improved. This follows by the descriptions
of the equality cases, and it remains true even if we restrict consideration to those n for which both of n and
sa(n) are greater than some fixed quantity.

The equality conditions of parts (c) and (d) can also be rephrased in terms of forbidden subwords. Specifically,
in part (c) equality is attained if and only if the binary expansion of n does not contain the subword 11; while
in part (d) the forbidden subword becomes 01. This hints at a connection to finite automata, which we make
explicit in Sections 3-5.

We give two different proofs of the Theorem. For the first one, we develop a general technique which applies
also to a range of other problems where we want some sum to be divisible by some prime power. Roughly
speaking, the key idea is to split the sum into sub-sums so that each sub-sum behaves less like a sum and more
like a product. This technique makes it possible to treat all values of d in parts (¢) and (d) “uniformly”, and
the resulting treatment is fully self-contained.

By contrast, our second proof is not self-contained; instead, it relies on one identity between hypergeometric
sums due to Chan and Zudilin [6]. We use this identity to resolve the case of d = 4. The remaining values of d
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in parts (c¢) and (d) are then handled in several “batches” by means of a series of varied arguments. The whole
series is ultimately rooted at the case when d = 4, indicating that most of the difficulty is concentrated there.

One application of the first proof’s technique is particularly amusing, and we give it here by way of an
example. For convenience, let s = so(n). It is well-known that the n-th row of Pascal’s triangle contains exactly
2% odd binomial coefficients. We will show that the sum of these odd binomial coefficients is divisible by 2°. This
seems to be a bit trickier to prove than the simplicity of its statement might suggest. We establish it, together
with some generalisations, in Section 4.

It is not unusual for a constant-term sequence or a sequence defined by means of hypergeometric sums that
the p-adic valuation of the n-th term should exhibit a relationship with the expansion of n in base p. One quite
general result to this effect is due to Delaygue [8]. It applies to the counting sequences W7 (n) of the Abelian
squares, and in terms of the counting sequences Wy(n) of the high-dimensional lattice walks, it tells us that
wgq(n) > 2s9(n) if d is even. Our Theorem shows that the latter inequality becomes an identity when vo(d) = 1;
while wg(n) is in fact much bigger when v (d) > 2.

The rest of the paper is structured as follows: We resolve parts (a) and (b) of the Theorem in Section 2.
Sections 3-5 introduce the aforementioned general technique, with Section 4 collecting some applications. We
give our first proof of parts (c) and (d) of the Theorem in Section 6. The second proof comes next, in Section 7.
Finally, in Section 8, we circle back to Bhattacharya’s conjecture which caused us to embark on this entire train
of thought, and we discuss the question of whether our methods could perhaps shed some light on it as well.

2. Initial observations

We will need Kummer’s theorem. Given a prime number p and nonnegative integers x1, s, ..., £x with sum n,
it states that the exponent of p in (5317552,-“7%]9) equals ﬁ(sp(:rl) + sp(z2) + -+ + sp(ak) — sp(n)). Here, sp(z)
is the sum of the digits of x in base p.

The quantity p—il(sp(acl) + sp(x2) + -+ + sp(zr) — sp(n)) equals the total number of carries which occur
when 1, 2, ..., T are added together in base p. The theorem is often stated in terms of this total number of
carries instead of digit sums. One useful corollary is that p does not divide (wlwznu) if and only if x1, x2, ...,
xy form a carry-free partitioning of n.

We now specialise the theorem to p = 2. In this setting, the carry-free partitionings of n are straightforward
to describe explicitly. Indeed, split n into so(n) pairwise distinct powers of 2. Each one of these powers of 2
must go to one piece in the partitioning. So the number of (ordered) carry-free partitionings of n with &k pieces
equals &*2(").

We continue with one simple but important observation. Recall that Wy(n) = (**)W;(n). By Kummer’s
theorem, the exponent of 2 in (2:) equals sq(n). Hence, writing w}(n) for the exponent of 2 in Wj(n), we arrive
at

wq(n) = s2(n) + wji(n).

This allows us to focus on w}(n) in place of wy(n). Part (a) of the Theorem does not pose much difficulty
anymore:

Proof of part (a) of the Theorem. Suppose that d is odd. We must show that w}(n) = 0. We use the formula

(W™). By the preceding discussion, the (x1,xa, ..., x4)-summand in it is odd if and only if z1, xo, ..., z4 form
a carry-free partitioning of n; and there exist a total of d*2(") such partitionings. Since the latter count is odd,
so must be Wj(n) as well. O

Suppose, from now on, that d is even and d = 2g. For part (b), first of all we must work out a more helpful
formula for W} (n). Let y; = @9;—1 + xo; for alli =1, 2, ..., g. Then

a2 ()
T1,T2,...,%4d Y1,Y2,-- -, Yg T1,T2 XT3, T4 Td—1,Td

Furthermore, by Vandermonde’s identity, (g)z + (?{)2 NI (3;)2 = (2;/) for all nonnegative integers y; and,

in particular, for all y = y1, ¥, .. ., y4. We apply both of these observations to the formula (W*), in order, and

we arrive at )
()
Wi(n) = . WS
i 2 (yl,yz,--.yy) (yl Y2 Yg (W)

y1ty2+--+yg=n

Once the “right” formula has been found, part (b) yields to more or less the same method as part (a), with
minimal adaptations.
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Proof of part (b) of the Theorem. Suppose that vo(d) = 1 and g is odd. We must show that w}(n) = s2(n).

We use the formula (W#). By Kummer’s theorem, the exponent of 2 in its (yi,%s,. .. ,Yg)-summand equals
3(s2(y1) + s2(y2) + -+ + s2(yg)) — 252(n). Since sa(y1) + s2(y2) + - -+ + s2(yg) > s2(n), the latter quantity is
always at least sz(n); and equality is attained if and only if 1, yo, ..., y, form a carry-free partitioning of n.

To show that the smallest exponent of 2 in an individual summand equals the exponent of 2 in the whole sum,
we must verify that the minimum is attained an odd number of times. This is indeed true, as the number of
carry-free partitionings of n with ¢ pieces equals ¢2("). O

The same argument demonstrates also that w}(n) > s2(n) and wq(n) > 2s2(n) whenever d is even.

Parts (c) and (d) of the Theorem, where v5(d) > 2, are substantially more difficult. We begin our study of
them in the next section. The discussion will initially focus on the special case when d = 4. However, soon we
are going to see that the tools we have developed for this narrow purpose do in fact generalise to a much wider
range of problems.

3. Sums over abaci I

Say we are given a sum and we wish to show that it is divisible by a certain prime power. Our central example,
motivating most of the discussion, will be the sum

wio= £ (1) () wh

z+y=n

obtained when (W?$) is specialised with d = 4. For convenience, let s = s3(n). We wish to show that this sum
(which equals the n-th Domb number) is divisible by 22°.

Observe that each summand of (Wi) is already divisible by a pretty high power of 2. Specifically, the (x,y)-
summand E(x,y) is divisible by 2 with exponent w(x,y) = 3(s2(z) + s2(y)) — 2s2(n) > s as in the proof of part
(b) of the Theorem.

The summands with a big w make our task easier, while the summands with a small w make it harder. It
is natural now to imagine all summands of (Wi) sorted into classes depending on how much difficulty they
contribute to the problem. We ought to expect the summands where w is minimal to make the most trouble for
us, and so it is with them that we begin our analysis.

Consider the sub-sum S of (Wi) obtained when all such summands are split off from the rest. The necessary
and sufficient condition for w to attain its minimum is that, when we add = and y together, the computation is
carry-free in binary. Hence, S is the sum of E(x,y) over all carry-free partitionings of n into two nonnegative
integers x and y.

Our intuition is that the exponent of 2 in the prime factorisation of S ought to give us a measure of how
much trouble the toughest summands of (Wi) are going to make for us. This exponent is straightforward to
determine experimentally. We examine its values over the first few positive integers n, and we find that it seems
to never fall below 2s. This is quite the lucky turn of events for us, and we are motivated by it to search for
a generalisation of the same effect to the remaining “difficulty classes”. Eventually, we arrive at the following
notion:

We define an abacus to be a two-row {0, 1}-matrix. Given an ordered pair of nonnegative integers (z,y), we
associate with it the abacus obtained by putting the binary expansions of x and y in the first and second row,
respectively. When these binary expansions are not of the same length, we pad the shorter one with meaningless
leading zeroes as needed. Note that the abacus of z and y is precisely how we would arrange their binary
expansions so as compute x + y by hand, with pen and paper.

We label each column in an abacus with the letter Z when it contains two 0s; O when it contains two 1s;
and M when it is mixed, i.e., when the two binary digits in it are distinct. The type of an abacus is the word
over the alphabet {Z, 0, M} obtained when we read off these labels, in order from left to right.

The value of x + y is constant over all abaci of the same type T'; we denote it by o(T). Let also a;(T) be
the number of occurrences of the letter I in 7. Then each type T is associated with a total of 2°"(T) abaci. We
write e for the empty type; the unique abacus of it is the one with zero columns, when x = y = 0. We also write
CF(n) for the type obtained from the binary expansion of n by replacing each 0 with a Z and each 1 with an M.
A partitioning of n into two nonnegative integer pieces x and y is carry-free if and only if the abacus associated
with it is of type CF(n).

Given a two-variable function F' and an abacus type T', we write ) . F'(z,y) for the sum of F' over all ordered
pairs of nonnegative integers x and y such that the corresponding abacus is of type 7. Every sum of the form
> wty=n F'(z,y) can be split into such sub-sums over abacus types.
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We return now to our motivational example. Using our new notation, we can rephrase our experimental
observations as follows: “22¢ seems to divide ZCF(H) E(z,y)”. Our task will be accomplished if we manage to
show that, in fact, 22¢ divides 5 E(z,y) for all abacus types T with n = o(T).

We begin by taking a closer look at the structure of E(z,y). For our purposes, the factorials will turn out
to be a lot more convenient as building blocks than the binomial coefficients, and so we rewrite E(x,y) as

n!? - (xly)) =t (22)!(2y)!.

Since s3(z) + s2(y) remains constant over each abacus type T', so does w(x,y) as well. Hence, it makes sense
to factor the corresponding power of 2 out of all summands in ) . E(x,y). Given a positive integer z, we denote
its odd part by ©3(2); so z = 2"2(*)@,(2). Then O4(n!)? can be factored out as well, and we are left with

(O2(x)O2 (1)) " - ©((22))Os((29)").

We continue by embedding this “residue” into one wider family of similarly-structured functions. It is this
more general family that we are going to draw on for applications.

Fix a symmetric integer-coefficient two-variable polynomial P. Fix also a vector e = (eq, ey, ..., er) with
nonnegative integer components. Suppose, from now on, that

k

F(z,y) = P(z,) - [] (02((2"2)1)02((2y)1)) "

=0

(Notice that the aforementioned residue is not, strictly speaking, a member of this family. Formally, in order
to obtain it we must set P = 1 and e = (—4,1); however, one of the components of e will then be negative.
This should not bother us too much. Since each odd number is invertible modulo all powers of 2, in some sense
we can replace all negative components of e with positive ones. We sort out the details near the end of this
section.)

We introduce also the notation

SH(P) =) Flz,y).
T

We proceed now to derive a system of reduction formulas for sums of this form. Roughly speaking, our goal
will be to make T' smaller at the cost of making P more complicated. By means of a series of such reductions,
eventually we are going to reach a sum where T is the empty type whereas P has ballooned in complexity. Of
course, in the latter setting &¢(P) = P(0,0).

First we must take care of some preliminaries. Let 1;(x) = ©o((2'x)!).

Lemma 3.1. For each nonnegative integer i, there exists an integer-coefficient polynomial V; such that v;(2x +

1) = Yia (@) Vs ().

Proof. By
2¢ 2!
Vi(2z +1) L N |
=622 +j) = 9itl—120)y + @ ;
P (@) H 2( J) Jl;[l( 2(7))
each factor on the right-hand side is a linear function of x with integer coefficients. O
For convenience, set
k
Vo(z) = [] wil2)
i=0
We define
QZ(Ia y) = P(Q'Ia 2y)
Qo(z,y) = V°(x)¥®(y)P(2z + 1,2y + 1)
1
Qu(z,y) = 5 (¥°(2) P22 +1,2y) + U°(y) P(22, 2y + 1)).
We are also going to need the notation Qe = (0, ¢eg,e1,...,ex).

Lemma 3.2. For all I, it holds that Q is a symmetric integer-coefficient polynomial. Furthermore, if I €
{Z,0}, then
#1(P) = 67°(Qr);
and, if I =M, then
fm(P) = 2-67°(Qm).-
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Proof. The identities are easily obtained from the definitions. So is the fact that, if I € {Z, O}, all coefficients
of QQ; are integers. Otherwise, if I = M, it suffices to show that all coefficients of 2Q\ are even integers. The
proof of Lemma 3.1 makes it obvious that ¥®(z) = ¥°(y) = 1 (mod 2). Hence, 2Qu = ¥°(z)P(2z + 1,2y) +
Ue(y)P(2z,2y+ 1) = P(1,0) + P(0,1) (mod 2). The right-hand side works out to an even integer because P is
symmetric. O

Right away, these reductions give us the following:
Lemma 3.3. The exponent of 2 in &5(P) is at least am(T).

Proof. By iterating the reductions of Lemma 3.2, we can find an integer vector f and a symmetric integer-
coefficient two-variable polynomial R such that

&5(P) =2 . &L(R).
Since the factor &£(R) on the right-hand side is an integer, the result follows. O

Lemma 3.3 is already strong enough to settle our motivational example — i.e., to show that 22¢ divides
the right-hand side of (Wi) We spell out the details in the next section. However, for the proof of our main
Theorem, we also require some way to pin down the cases of equality. Or, in other words, the cases when
am(T) = v2(65(P)) exactly.

Below, we will see that the equality cases of Lemma 3.3 are described by a certain finite automaton. The
gist of the proof is that it suffices to keep track of just a tiny bit of information about P, over the course of our
reductions, so as to be able to tell at the end whether Gf(R) is even or not.

We go on to introduce special notation for the tiny pieces of information we will be keeping track of. Let
e = (ep,e1,e2 +e3+ -+ er). We call this the fold of e. Let also P = P mod 2 and QI = Q7 mod 2 for all I.
(Given a positive integer t and an integer-coefficient polynomial ®, we write ® mod ¢ for the remainder of ®
modulo t. It is defined as the unique polynomial ® with coefficients in {0,1,...,t—1} such that & = d (mod t).)

Lemma 3.4. If we know € and P we can determine QI Jor all I without any additional information about e
and P. Furthermore, for all I, it holds that deg Q; < max{1,deg P}

Proof. The claim is obvious if I € {Z,0}. We assume from now on that I = M. Then 2Qw is an integer-
coefficient polynomial. We must show that 2Qm mod 4 is uniquely determined by € and ]3, and we must also
estimate its degree.

Let P = 2Py + P. Then Ve (z)Pg(2z + 1,2y) + Ue(y)Px(2x,2y + 1) = 0 (mod 2) by the same argument
as in the proof of Lemma 3.2. So 2Qm = V¢(z)P(2z + 1,2y) + V¢(y)P(2z,2y + 1) = \I!e(x)ﬁ@m +1,2y) +
Ue(y)P(2z,2y + 1) (mod 4).

Using the explicit form of ¥;(x) in the proof of Lemma 3.1, it is straighfforward to check that \DO(:E) =
Vi) =22+1 (mod 4) and ¥;(z) = 22+3 (mod 4) when i > 2. So U¢(z) = ¥°(z) (mod 4) and ¥°(y) = ¥°(y)
(mod 4). Of course, given P, we can also find P(2x +1,2y) mod 4 and P(2z,2y + 1) mod 4. Hence, it is indeed
possible to determine QM based solely on eand P.

Observe next that both of ¥¢(z) and P(2z+1, 2y) are constant modulo 2; explicitly, U®(z) = 1 (mod 2) and
P(22+1,2y) = P(1,0) (mod 2). So we can find two integer-coefficient polynomials A and B as well as two integer
constants a and b such that Ue(z) = 2A(z) 4+ a and P(2z + 1,2y) = 2B(z,y) + b. Then Ue(2)P(2z + 1,2y) =
2bA(z)+2aB(z, y)+ab (mod 4); and analogous reasoning applies also to U (y)P(2z, 2y + 1). We conclude that
deg Qm < max{deg (¥°(z) mod 4), deg (¥°(y) mod 4), deg P} = max{1, deg P}, as desired. (Here, ¥®(z) mod 4
is at most linear because ¥¢(x) is the product of several multiplicands each one of which is of the form either
2z + 1 or 2z 4+ 3 modulo 4; and similarly for deg (¥°(y) mod 4) < 1.) O

We assume, for convenience, that all of our automata go through their input from right to left. This is the
same order as the one in which our reductions disassemble the abacus types.

Lemma 3.5. Given e and P, there exists a finite automaton F over the alphabet {Z,O,M} such that the
exponent of 2 in &5.(P) equals am(T') if and only if F accepts T.

Proof. In the setting of the proof of Lemma 3.3, we must work out whether G£(R) = R(0,0) is even or not. For
this purpose, it suffices to determine R = Rmod 2.

Over the course of our reductions, the original sum &$.(P) is transformed into a succession of intermediate
sums of the form &% (P;) with e; = O'e and T; being the prefix of T obtained when its rightmost i letters are

deleted. Suppose we manage to show that, for each one of €; and f’i, there are only finitely many values which
it could potentially take on during the reduction process. Then Lemma 3.4 will guarantee the existence of a
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~

finite automaton F which, based on T', calculates R. (Formally, each state of F will be labelled with an ordered
pair consisting of a fold and a remainder.)

This is clear in the case of &;. For P;, it follows because all of its coefficients are in {0,1} and its degree is
bounded from above as per Lemma 3.4. O

What remains is to deal away with the non-negativity restriction we imposed on e. We define the exponent
of 2 in the rational number u/v by va(u/v) = va(u) — va(v).

Lemma 3.6. Both Lemmas 3.3 and 3.5 remain true when the components of e are allowed to be arbitrary
(possibly negative) integers.

Proof. By induction on i > 1, we get that 2> = 1 (mod 2+2) for all odd 2. Let f; = (fi0, fi1,---, fix) with
fi; = ejmod 2" for all j. Then &%(P) = &% (P) (mod 2+2). Since the original Lemma 3.3 applies to the
right-hand side, its generalisation with e unrestricted follows when i > am(T).

Consider next the finite automaton JF; obtained when we apply the construction of the original Lemma 3.5
to f; and P. Observe that, in the proof of Lemma 3.4, the only way in which e enters into the calculation of Q; is
via the remainders ¥®(z) mod 4 and ¥°(y) mod 4. However, ¥,;(z)? = ¥;(y)?> = 1 (mod 4) for all j. Thus there
exists a finite automaton F such that F and F; are isomorphic for all sufficiently large ¢. This finite automaton

will fit the bill, in the setting of the generalised Lemma 3.5 with an unrestricted e, regardless of how big we
make am (7). O

4. Applications

We are all set now to browse through some applications of the apparatus developed in the previous section. We
begin with the one which was advertised in the introduction:

Proposition 4.1. Let n be a positive integer. Consider the sum of all odd binomial coefficients in the n-th row
of Pascal’s triangle. The exponent of 2 in this sum is at least so(n). Equality is attained if and only if the binary
expansion of n does not contain two adjacent 1s.

from with to
1 0 1
IEEYES!
0 1
z+y+1 1 0
0 0,1 0
Table 2:

Proof. By Lemma 3.6, as our sum equals ©y(n!) 6%}1()71) (1). The associated finite automaton is shown in Table 2.
We use the alphabet {0,1} instead of {Z, O, M} because it is only the abacus type CF(n) which matters for
our purposes, and the binary expansion of n maps onto it by means of the substitutions 0 — Z and 1 — M.
The general construction prescribes that each state must be labelled with a fold and a remainder; but, in this
instance, states with the same remainder behave identically. O

Our considerations in the previous section were motivated throughout by the problem of showing that the
n-th Domb number is divisible by 2252("), We resolve this problem as follows:

Proposition 4.2. The exponent of 2 in the n-th Domb number is at least 2s2(n). Equality is attained if and
only if the binary expansion of n does not contain two adjacent 1s.

Proof. Consider any abacus type T with n = o(T). For convenience, set a; = am(T) and as = ao(T). So
s2(x) + s2(y) = a1 +2az over T; and s2(n) < ag + ag. Define w and E as in Section 3. We get that w is constant
over T. Denote its value by w(T'). Then w(T') = 3(sa(x) + s2(y)) — 2s2(n) > a1 + 4.

Partition (W$) into sub-sums of the form S E(x,y) = 291 . 0y(n!)? - 65,1_4’1)(1). By Lemma 3.6, the
last factor on the right-hand side is divisible by 2. Hence, the exponent of 2 in ) . E(x,y) is always at least
w(T) + a1 > 2a7 + 4as > 2s9(n) + 2. The latter quantity will be strictly greater than 2ss(n) unless ae = 0;
i.e., unless T = CF(n). The associated finite automaton is once again as shown in Table 2. O

In response to the author’s queries as to the originality of Proposition 4.1, it was noted [9] that the divisibility
can be obtained as a corollary of one earlier result — specifically, the first part of Lemma 12 in Calkin’s [4]. It

states that, for each positive integer e, the exponent of 2 in (§)° + (1) + -+ (?)° is at least s2(n). (Though
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it does not address the necessary and sufficient conditions for equality.) The derivation of the divisibility part
of Proposition 4.1 therefrom is by setting e = 2¥ 4+ 1 with k sufficiently large. We show now that our methods
can be used to tackle the more general result as well:

Proposition 4.3. Let e and n be positive integers with e > 2. Consider the sum of the e-th powers of all
binomial coefficients in the n-th row of Pascal’s triangle. When e is even, the exponent of 2 in this sum equals
sa(n). Otherwise, when e is odd, the same exponent is at least so(n); and equality is attained if and only if the
binary expansion of n does not contain two adjacent 1s.

Proof. Consider any abacus type T with n = o(T'). Define o7 and «s as in the proof of Proposition 4.2. By
Kummer’s theorem, the exponent of 2 in (m"y)e equals e(sa(x) + s2(y) — s2(n)), and so it is constant over T
Denote its value by &£(T"). Then &(T') > eas.

Partition the full sum into sub-sums of the form Y. ( Ly)e =281 . @y (nl)e - 6(T_e)(1). By Lemma 3.6, the

n

1:7
last factor on the right-hand side is divisible by 2%*. Hence, the exponent of 2 in ). (x"y)e is always at least
E(T)+ a1 > a1 +eas > sa(n) + (e — 1)ag. The rest of the argument proceeds along the same lines as in the
proof of Proposition 4.2. When e is odd, we obtain the same finite automaton as before. Otherwise, when e is
even, after minimisation we obtain a finite automaton with a single state which all transition arrows loop back

to. ]

The work [7] is about a generalisation of the Domb numbers given by

Dape(n) = Y (xny) “ (2;>b (25)

r+y=n

Our methods are applicable when b = ¢, and we arrive at the following result which generalises both
Propositions 4.2 and 4.3:

Proposition 4.4. Let a and b be nonnegative integers with a + b > 2. Let also n be a positive integer, and
consider the generalised Domb number D pp(n). When a+b is even, the exponent of 2 in it equals (b+1)sa(n).
Otherwise, when a + b is odd, the same exponent is at least (b+ 1)sa(n); and equality is attained if and only if
the binary expansion of n does not contain two adjacent 1s.

We omit the proof as it proceeds along the same lines as those of Propositions 4.2 and 4.3. Observe that, if
a+ b <1, then the generalised Domb number D, ;;(n) can be calculated explicitly. The identities Dg g (n) =
n+ 1 and Dy g0(n) = 2" are clear; whereas it is well-known that Dy 1 1(n) = 22",

We now skip ahead a bit. Propositions 4.5-4.7 below require the fully general form of our apparatus developed
in the next section. For this reason, we limit ourselves to quick sketches in place of complete proofs.

Proposition 4.5. Let k and n be positive integers. Consider the sum of all odd 2k-nomial coefficients with n at
the top. The exponent of 2 in this sum is at least sa(n) + vo(k). When k is odd, equality is attained if and only
if the binary expansion of n does not contain two adjacent 1s. Otherwise, when k is even, equality is attained if
and only if, in the binary expansion of n, all of the 1s come before all of the Os.

This is a generalisation of Proposition 4.1 to multinomial coefficients which bears a strong resemblance to
parts (¢) and (d) of our main Theorem. The same method works as in Section 6 — specifically, that of halting
the reductions not at € but at a single-letter type instead.

We can also generalise Proposition 4.1 in other directions, by considering different primes:

Proposition 4.6. Let n be a positive integer. Consider the sum of all trinomial coefficients with n at the top
which are not divisible by 3. The exponent of 3 in this sum is always at least the number of nonzero digits in
the ternary expansion of n. Equality is attained if and only if this ternary expansion begins with 1 but does not
contain the subwords 11 and 02.

Here, matters are complicated by the fact that the relevant trinomial coefficients do not all belong to the
same type. One way to get around this difficulty is to modify the notion of an abacus type so that each letter
encodes the sum of the digits in the corresponding abacus column rather than the multiset formed by these
digits. The discussion in the next section continues to apply when this modification is implemented with p = 3
and r = 3. The trinomial coefficients which make up our sum will then indeed be captured by a single one of
these new abacus types.

(It is worth noting also that the associated finite automaton supplied by the “standard” construction can be
minimised by disregarding all folds and merging together the states whose remainders differ solely by a nonzero
constant factor.)

The directions of generalisation suggested by Propositions 4.5 and 4.6 can be combined, too:
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Proposition 4.7. Let p be a prime number. Let also k and n be positive integers. Consider the sum of all
kp-nomial coefficients with n at the top which are not divisible by p. The exponent of p in this sum is always at
least sy(n) + vp(k), where sy(n) is the number of nonzero digits in the expansion of n to base p. Furthermore,
with k and p fizved, there exists a finite automaton F such that equality is attained if and only if F accepts the
expansion of n to base p.

The same difficulties arise here as with Proposition 4.6, and we modify the basic notion of an abacus type
in the same manner as before in order to resolve them. Following this, once again we apply the “early halting”
method of Section 6.

Observe that, for all k£ and p, equality is attained whenever n is a power of p. Thus the language of F is
never empty. We do not, however, attempt an explicit description of the equality cases in this setting. It would
be interesting to know whether such a description is in fact possible. To arrive at it, one would need to analyse
the infinite family of finite automata F obtained when k and p vary.

5. Sums over abaci 11

Here, we generalise the material of Section 3. Many of the terms and notations will be revised so that the
originals become special cases.

Fix a prime number p and a positive integer r. We define an abacus to be a matrix with r rows where each
entry is a digit in base p. (We had p = 2 and r = 2 in Section 3.) Given a vector x = (x1,x2,...,z,) with
nonnegative integer components, the abacus of x is obtained by putting the expansion of x; to base p into row i.
As before, we pad these expansions with meaningless leading zeroes as needed so as to ensure that all of them
are of the same length.

Let A be a finite alphabet whose letters are in a one-to-one correspondence with the multisets of size r
consisting of digits in base p. We label each abacus column with the letter of A which describes its contents.
The type of an abacus is the word over A obtained by reading off these letters, in order from left to right.

Let F be a function of the variables x1, xa, ..., z,; we use F'(x) as shorthand for F(z1,z9,...,z,). Given a
type T', we write . F'(x) for the sum of F' over all x such that the abacus of x is of type T'. As in Section 3,
we are going to focus on sums of this kind with F' of one particular form, which we proceed now to specify.

Given a positive integer z, we define ©,(x) by x = p*»*) 0, (z). Let also ¥;(z) = 6,((p'z)!).

Fix a symmetric integer-coeflicient r-variable polynomial P as well as a vector e = (eg,eq,...,ex) with
nonnegative integer components. (As in Section 3, the non-negativity restriction will eventually be lifted.) Then

set
k

F(x) = P(x) - H (i) s(x2) -+ i ()"

=0

and
&5(P) =Y F(x).
T
The next result generalises Lemma 3.1.

Lemma 5.1. For each nonnegative integer i and each digit a in base p, there exists an integer-coefficient
polynomial U, , such that V;(px + a) = Vi1 (2)¥; ().

Proof. Explicitly,

ap
Via(e) = [T (07 V2 +0,(5),

j=1

by the same calculations as in the proof of Lemma 3.1. O
Given a vector a = (aj,as,...,a,) all of whose components are digits in base p, we define
k
Ve (%) = [ [ (Wiay (1) Wi (22) -+ Wy, ()"
i=0

We go on now to generalise the system of reduction formulas introduced in Section 3. For each letter I of A,
let o(I) be the set of all vectors whose components form a permutation of the elements of the multiset associated
with I. We call I special when p divides the size of o(I). Let A\ be the characteristic function of this property;
i.e.,, A(I) = 1 when I is special and A(I) = 0 otherwise. We also let A\(T") be the sum of A(I) over all letters I of
T; or, equivalently, the sum of «a;(T") over all special letters I of A.
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For each I, we set

Qr(x) =p M. Z P(px + a)¥g(x).

aco(l)

The analogues of Lemmas 3.2 and 3.3 are immediate:

Lemma 5.2. For all I, it holds that Q is a symmetric integer-coefficient polynomial with
T1(P) = pA(I) -6%‘3(@1),

Proof. Just as in the proof of Lemma 3.2, the identity follows directly by the definitions. The fact that the
coefficients of (Q; are integers is straightforward, too, in the case when I is non-special. Otherwise, if I is
special, we must verify that all coefficients of pQ; are integer multiples of p.

Since P is symmetric, we get that P(a) remains constant when a varies over o(I). Denote its value by
P(I). In addition, the proof of Lemma 5.1 shows that each ¥, , is constant modulo p. Hence, there exists
an integer constant ¢ such that UE(x) = ¢ (mod p) for all elements a of o(I). We conclude that pQ; =
> aco(n Ppx+2a)¥3(x) = c-[o(I)|- P(I) (mod p). However, p divides the size of o(I) because [ is special, and
the desired result follows. O

Lemma 5.3. The exponent of p in &5.(P) is at least A\(T').

The proof is essentially identical to that of Lemma 3.3, and we omit it. What remains is to get a handle on
the cases of equality in Lemma 5.3. The gist of the argument will be exactly the same as before. However, the
technical details will be slightly more complicated. For this reason, we sort out some of them in one preliminary
lemma without a direct analogue in Section 3.

Lemma 5 4. Suppose that p is odd. Then the polynomials ¥; , satisfy the following congruences:
(a)\l' P =1 (mod p?) for all i >0 and a.
(b) ‘I’z,a = V;12,4 (mod p?) for alli > 1 and a.

Proof. As in the proof of Lemma 5.1, ¥; , is the product of several linear functions with slopes divisible by p

but constant terms not divisible by p. Hence, for part (a) it suffices to show that (u + v)? = = 1 (mod p?)
whenever u and v are integers with u £ v = 0 (mod p). This is routine by expanding the left-hand side into
?i_op (psz)up2_p_jvjxj and then, at j = 0, invoking Euler’s theorem with o(p?) = p? — p.

We continue on to part (b). Given a positive integer ¢, let T'(¢) be the product of all non-multiples of p
in the interval [1;¢]. Clearly, W, 1 4(x)/V; 4(2z) is the product of p**2z + j over all non-multiples j of p in
the interval [1;ap™™!]. So W;11, = D(ap'™) - ¥, , (mod p?). Similarly, ¥; 2, = I(ap"™?) - ¥U;11, (mod p?).
Hence, for part (b) it suffices to demonstrate that T'(ap**1)I'(ap*™2) = 1 (mod p?) when i > 1. For convenience,
set v = I'(p?). Then T'(ap™™') = 4" (mod p?) and T'(api*2) = 4" (mod p?). However, v = —1 (mod p?)
because all nonzero remainders modulo p? distinct from 41 form several inverse pairs. O

We are ready to generahse Lemmas 3.4 and 3.5. The notion of a fold is left unchanged when p = 2. Otherwise,
when p is odd, we set € = (eg, e1+e3+es+--- ,eatesteg+- -+ ). We define also P = P mod p and QI = Q7 mod p
for all I.

Lemma 5.5. If we know € and P we can determine Ql Jor all I without any additional information about e
and P. Furthermore, for all I, it holds that deg Q; < max{1,deg P}

Proof. The claim is straightforward when [ is non-special. Suppose, from now on, that it is in fact special. Then
pQr is an integer-coefficient polynomial. We must show that p@Q; mod p? is uniquely determined by € and P,
and we must also estimate its degree.

By the same reasoning as in the proof of Lemma 3.4, we get that pQ; = Zaeg(l) (px +a)¥e(x) (mod p?).
Part (b) of Lemma 5.4 tells us that ¥&(z) = ¥S(z) (mod p?). Of course, given P, we can also find P(px +
a) mod p? for all elements a of o(I). Hence, it is indeed possible to determine Q 1 based solely on € and P.

Fix now an element a of o(I). Observe that both of ¥2(x) and P(px-+a) are constant modulo p. So we can find
two integer-coefficient polynomials U and V' as well as two integer constants u and v with ¥§(x) = pU(x) + u
and P(px 4+ a) = pV(x) + v. Then ﬁ(px +a)¥e(x) = poU(x) + puV(x) + uv (mod p?). Since the same
reasoning applies to all a, we conclude that degé\j cannot exceed the greatest one among deg (¥€(x) mod p?)
and deg P(px + a) over all elements a of o(I). The desired result follows as W& (x) mod p? is always at most
linear (by expanding the product in the proof of Lemma 5.1) and deg ]3(px +a) =deg P. O

Lemma 5.6. Given e and P, there exists a finite automaton F over the alphabet A such that the exponent of
p in &5(P) equals N(T) if and only if F accepts T
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The proof is essentially identical to that of Lemma 3.5, and we omit it. We finish by lifting the non-negativity
restriction which we imposed on e. Below is the generalisation of Lemma 3.6:

Lemma 5.7. Both Lemmas 5.3 and 5.6 remain true when the components of e are allowed to be arbitrary
(possibly negative) integers.

Once again, the proof proceeds along the same lines as that of the original Lemma 3.6. We limit ourselves
to highlighting a couple of steps where the generalisation is not entirely trivial. For all ¢ > 0 and all integers
x not divisible by p, we know that z®~1P" = 1 (mod p'*') by virtue of ¢(p't!) = (p — 1)p* and Euler’s
theorem. Furthermore, in connection with the construction of the finite automaton F, we must invoke part (a)
of Lemma 5.4.

6. Proof of the Theorem

We now specialise the toolbox developed in Section 5 to parts (¢) and (d) of the Theorem. Our argument will
be based on the sum (W?) of Section 2. We aim to show that the exponent of 2 in (W?) is at least 2s5(n) + J;
and we must also describe the cases of equality.

So we set p = 2 and r = g = d/2. Our alphabet will be A = {Mg,My,..., My}, with the letter M;
corresponding to the multiset which consists of 7 copies of the binary digit 1 and g — i copies of the binary
digit 0. For convenience, we denote the number of occurrences of the letter M; in the abacus type T' by «; (7).

Let x = (21, %2,...,%4) be any vector with nonnegative integer components where n = z1 + zo + - - - + .
Observe that, if x is associated with an abacus of type T, then sa(x1) + s2(@2) + - + s2(xg) = Dv_g i (T)
and sa(n) < 37 s2(1)a;(T).

The first few steps of the argument will be the same as in the proof of Proposition 4.2. Once again, we set
e = (—4,1) and P = 1. Then we split (W?) into sub-sums over abacus types. Fix an abacus type T, and consider
the sub-sum which corresponds to it. Just as in the proof of part (b) of the Theorem, the exponent w(x) of 2 in

the x-summand E(x) = (mhm;fm,zq)2 (2;11) (2;;) . (2;?) of (W$) equals 3(sa(w1) +52(22) + - -+ 82(24)) —252(n).

Hence, w is constant over 7. Denote its value by w(T'). We get that w(T) > >°7_(3i — 252(4)) o (T).
We can now rewrite our sub-sum as

3 B(x) =2 0y(n)? - &5V (1),
T

We cannot invoke Lemma 5.7 directly, as the presence of the constant term § means that it is not strong
enough anymore. Compared to the applications of our technique in the proofs of Propositions 4.1-4.4, this time
around the argument will involve one extra subtlety.

Specifically, we are not going to halt our reductions when we reach the empty abacus type. Instead, we will
halt them one step earlier than that, when we reach a single-letter abacus type. The point of this modification
is as follows: Our desired exponent of 2 is a linear function of s3(n). Roughly speaking, the series of reductions
we do carry out will account for the slope of this linear function. On the other hand, the residual sum over a
single-letter abacus type which remains at the end will be responsible for the constant term.

Hence, we split T" into its first letter My and a “tail” H. We can assume without loss of generality that
h # 0, because otherwise the leftmost column of every abacus of type T will consist entirely of meaningless
leading zeroes.

Fix a positive integer k with k > 2s5(n) + 0. Then

61 =62 V(1) (mod 28+2)
as in the proof of Lemma 5.7.

By the same reasoning as in the proof of Lemma 5.3, we can find an integer vector f and a symmetric
integer-coefficient g-variable polynomial R such that

& () =221 - &, (R).

Since it is symmetric, R must be constant over o(My,). Denote its value by R(Mpy,). Then

&t (1) = (7) - rOw) - 0

for some odd positive integer Q.
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Putting the pieces together, we arrive at

D E(x) = 2¢MHAUD. (z) “R(Mp) - QF  (mod 2F+2),
T

with QF = ©5(n!)? - QF being an odd positive integer as well.

We will show next that the right-hand side is divisible by 2 with exponent at least 2s2(n) 4+ §. We are going
to consider the cases of h =1 and h > 2 separately.

Suppose first that b > 2. Then A(H) > ay(T'). By our earlier estimates for sa(n) and w(T) in terms of
ao(T), an(T), ..., ag(T), it follows that

W(T)+ MH) > 255(n) + Y _(3i — 4s(i)) - (7).
=2

However, it is routine to check that 3z > 4ss(z) for all positive integers x > 2. Hence, w(T") + A(H) > 2s3(n);
and the slope of our linear function of sa(n) has been accounted for.

We move on to the constant term. Since 2 < h < g and a,(T) > 1, we may “borrow” 3h — 4s5(h) out of the
preceding estimate. Furthermore, by Kummer’s theorem, the exponent of 2 in ({) equals sa(h)+s2(g—h) —s2(g)-
We claim that the sum of the latter couple of quantities is in fact strictly greater than 4.

Indeed, 0 = v5(g) — 1 and v5(g) = s2(g — 1) + 1 — s2(g). (One way to verify this identity is to take a look at
the binary expansions of g — 1 and g; another is to apply Kummer’s theorem to the binomial coefficient (‘1]))
So we can rewrite our desired inequality as sa(g — h) + 3h > s2(g — 1) + 3s2(h). The case of h = 2 is clear as
$2(g—2)+3 > s2(g—2) +s2(1) > sa(g —1). Otherwise, if h > 3, we set © = h— 1 in our earlier observation that
3z > 4sg(x) whenever x > 2. We add together the resulting inequality and s2(g—h)+s2(h—1) > s2(g—1) so as
to obtain that sa(g—h)+3h > s2(g—1)+3s2(h—1)+3. The final step follows by the obvious sa(h—1)4+1 > s2(h).

This confirms our claim; and so the constant term of our linear function of so(n) has been settled as well.
We conclude that, if 4 > 2, then the exponent of 2 in the sub-sum ), F(x) is in reality strictly greater than
what we require.

We continue with the case when h = 1. Then A(H) > «o;(T) — 1 and, reasoning as above, we find that
w(T) + A(H) > 2s3(n) — 1. Furthermore, the exponent of 2 in () becomes v2(g) = 6 + 1. Thus in this case, too,
things work out as they should.

What remains is to sort out the equality conditions. We can tell right away that the exponent of 2 in the
sub-sum ). F(x) will be strictly greater than 2sy(n) + ¢ unless h = 1 and «;(T) vanishes for all 2 < i < g.
Or, in other words, we may safely focus on the abacus type T' = CF(n). Our analysis shows also that the
exponent of 2 in the corresponding sub-sum ZCF(H) E(x) will be exactly equal to 2s9(n) + ¢ if and only
if R(M;) = R(0,0,...,0,1) is odd. To determine the parity of this number, we construct a suitable finite
automaton as in the proof of Lemma 5.7.

from with to from | with to
1 0 1 1 0 1
1 Z z; + 1 1 Z x;
0 1 0 0
2wt 1 0 N S T P
0 0,1 0 0 0,1 0
Table 3: Table 4:

The calculations are straightforward. We use the alphabet {0, 1} in place of A because the binary expansion
of n maps onto CF(n) by means of the substitutions 0 — My and 1 — M;. The “standard” construction
prescribes that each state must be labelled with an ordered pair consisting of a fold and a remainder. However,
the folds turn out not to influence the behaviour of the states, and so we omit them. When v2(d) = 2, we obtain
the finite automaton of Table 3. Otherwise, when v5(d) > 3, we obtain the finite automaton of Table 4 instead.
The desired description of all n which attain equality is immediate, and our proof of parts (¢) and (d) of the
Theorem is complete.

7. Alternative proof of the Theorem
The identity

o= 3 () ()

TH+y=n
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for the n-th Domb number, of Chan and Zudilin [6], makes it quite easy to analyse w}(n). Indeed, almost all
summands on the right-hand side are divisible by very high powers of 2, and so it is only a tiny number of
summands that actually matter for the analysis. Here, we present an alternative proof of parts (c) and (d) of
the Theorem rooted at this observation.

The full “derivation tree” will be as follows: First, we use (X) to resolve d = 4. (Lemma 7.1.) Then, out of
this special case, we get all v5(d) = 2. (Lemma 7.2.) Once again out of d = 4, by means of a different argument,
we get d = 8 as well. (Lemma 7.3.) Finally, out of d = 8, we derive all v2(d) > 3. (Lemma 7.4.)

It is instructive to compare the two proofs. The new one, on the face of it, would seem simpler. However,
this simplicity is deceptive; a lot of the difficulty is hidden away in the “magic” identity (X). Even if we set
aside the question of its verification, we must still ask: How does one come up with (X), in a motivated manner,
while thinking about high-dimensional lattice walks?

One more consideration is that the new proof feels somewhat “ad hoc”, with different tricks employed for
different values of d. By contrast, our previous proof resolves all values of d (in parts (¢) and (d) of the Theorem)
uniformly, by means of the same general method.

We return now to the task at hand. Our quick overview of the logical structure of the argument shows that
we will often be reducing bigger values of d to smaller ones. This is accomplished with the help of the identity
(WD) given below. Suppose that d = ab. Then

Wan)= ( . )Wa(ﬂEl)Wa(mz) o Walay). (WD)

1w ey —n 2x1,2x9,...,21

Indeed, recall the definition of the Laurent polynomial Sy from the introduction. Let z = (21, 22, . . ., 24). For
each i = 1,2, ..., b, let also z; = (24(i—1)+1> Za(i=1)+2> - - - » Zai)- Then Sq(z) = S4(z1) + Sa(z2) + -+ + Sa(2s)-
Raising both sides to the power of 2n, we find that

IORED SR (RN EACOEENCSEREACARS

€1,€2,...,6€
e1+eax+---+ep=2n L &2 1 b

Since the polynomials S, (z1), S4(22), ..., Sa(2p) do not share any common variables, the constant term
of S4(z1)1 54 (22)° - - - S (2p) equals the product of the constant terms of S, (z1)¢!, Sq(22)°, ..., Sa(zp).
Since, furthermore, the constant term of S,(z;)¢ is nonzero if and only if e; is even, the desired conclusion now
follows. We are all set up to begin with the proof.

Lemma 7.1. The Theorem holds when d = 4.

Proof. We must show that the exponent of 2 in the right-hand side of (X) is always at least 2s5(n), and also
describe the equality cases.

By Kummer’s theorem, the exponent of 2 in (**) is sa(2) and in (ji";yy) it is 3sa(x) + s2(y) — s2(3z + y).
Since 2s2(x) + s2(y) = s2(3)s2(x) + s2(y) > s2(3z + y), the latter quantity cannot fall below so(z). Of course,
also y > so(y). Hence, the exponent of 2 in the (x,y)-summand becomes at least 2so(z) + 4s2(y) = 2(s2(z) +
s2(y)) + 2s2(y) > 2s2(n) + 2s2(y). This is strictly greater than 2s9(n) unless = n and y = 0.

We are left to analyse the (n,0)-summand. The chain of inequalities in the preceding paragraph, specialised
with z = n and y = 0, shows that the exponent of 2 in it will be exactly equal to 2s2(n) if and only if the
multiplication of 3 and n is carry-free in binary. Clearly, this condition is equivalent to the binary expansion of
n not containing two adjacent 1s. O

Lemma 7.2. The Theorem holds when vo(d) = 2.

Proof. We apply (WD) with @ = 4 and b = d/4. Notice that we may discard all summands on the right-hand
side of (WD) which are divisible by 2 with exponent at least 3s5(n) + 1.
By Lemma 7.1, the exponent of 2 in Wy(xz1)Wy(zs) ... Wy(xp) is at least 3(s2(w1) + s2(x2) + - - + s2(p))-

If 21, xa, ..., p do not form a carry-free partitioning of n, then so(z1) + so(x2) + -+ + sa(xp) > s2(n) + 1 and
the associated summand of (W) can be safely discarded.
Suppose, from now on, that x1, o, ..., xp do form a carry-free partitioning of n. Then the multinomial

coefficient (%1 23022"“. 2%) in the associated summand of (W) becomes odd. What remains is to describe those

n which admit an odd number of carry-free partitionings where each piece satisfies the equality conditions of
Lemma 7.1.

Suppose that, in the binary expansion of n, there are k blocks of 1s of lengths ¢1, co, ..., ¢k, respectively.
(Here, by a “block” of 1s we mean a maximal continuous run of 1s.) For each block of length ¢, the number of
ways to distribute its 1s between z1, 2, ..., xp so that no z; gets two adjacent 1s works out to b(b — 1)6_1.
(Say we assign the 1s of our block to x1, %3, ..., zp one by one, going from left to right. There will be b options
to choose from on the first step and b — 1 options to choose from on each one of the subsequent ¢ — 1 steps.)
Since b = d/4 is odd, the product of these numbers over all ¢ = ¢, co, ..., ¢t will be odd as well if and only if
g =c =---=c¢p =1, as desired. O
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Lemma 7.3. The Theorem holds when d = 8.

Proof. We apply (WD) with a = 4 and b = 2. Notice that we may discard all summands on the right-hand side
of (W5) which are divisible by 2 with exponent at least 3so(n) + 2. Just as in the proof of Lemma 7.2, this
includes all summands where 1 and z2 do not form a carry-free partitioning of n.

Observe next that x1 # x5 in all carry-free partitionings of n. So, by swapping x1 and 2, we can pair up all
summands on the right-hand side of (WD) which correspond to such partitionings. Each pair will consist of two
copies of the same positive integer. Furthermore, in each pair, the corresponding binomial coefficient (szZTQ)
will be odd. What remains is to determine when the number of carry-free partitionings of n such that both of
x1 and xo satisfy the equality conditions of Lemma 7.1 is twice an odd positive integer.

Define ¢y, co, ..., ¢ as in the proof of Lemma 7.2. By the same reasoning as before, a block of length ¢ can
be distributed between 1 and x5 in 2-1°7! = 2 ways. (The distribution must alternate between x; and x5 in
a zig-zag pattern.) Hence, the total number of partitionings which satisfy our constraints works out to 2¥. This
is twice an odd positive integer if and only if k£ = 1, as desired. O

Lemma 7.4. The Theorem holds when va(d) > 3.

Proof. We apply (W) with a = 8 and b = d/8 — but there is one new subtlety this time around. We are
permitting some of x1, x3, ..., x, to vanish; while the Theorem and Lemmas 7.1-7.4 all assume that n is a
positive integer. This did not matter much in the proofs of Lemmas 7.2 and 7.3 because Lemma 7.1 remains
true when n = 0. However, Lemma 7.3, which we are about to use now, does not.

Clearly, permuting xy, 2, ..., xp does not alter the value of the corresponding summand. We sort all
summands on the right-hand side of (WD) into classes so that two summands belong to the same class if and only
if they can be obtained from one another by means of such permutations. For each multiset X = {z1,22,...,2p},
let f(X) be the number of summands in the class of X and let F'(X) be the value of each such summand.

Denote by h the number of non-zeroes in X. Then f(X) is a multiple of (z) because this is the number
of ways to choose which pieces of the partitioning are going to be assigned a nonzero element of X; and the
exponent of 2 in this binomial coefficient equals so(h) + s2(b — h) — s2(b) by Kummer’s theorem. Furthermore,
F(X) is divisible by 2 with exponent at least 3(s2(21) + s2(22) + - - - + s2(xp)) + h by Lemma 7.3. We conclude
that the total contribution f(X)F(X) of X towards the right-hand side of (W) is divisible by 2 with exponent
which cannot fall below the sum of the latter couple of quantities.

Once again, we may discard all classes where this sum is strictly greater than 3so(n)+4. Of course, 3(sa(2z1)+
sa(x2) 4+ - + s2(xp)) > 3s2(n). We claim that, if h > 3, additionally sa(h) + s2(b— h) — s2(b) + h > 6.

Indeed, § = v5(b) + 1 and vo(b) = s2(b—1) + 1 — s2(b). (We have already encountered this particular way of
expressing v, in terms of sy in Section 6.) Since also sa(b — h) + sa(h — 1) > s9(b — 1), the problem boils down
to verifying the inequality sa(h) — sa(h — 1) + h > 3. Or, equivalently, h — vo(h) > 2; which is obviously true
when h > 3. This confirms our claim.

Thus we can safely discard all classes where h > 3. Suppose, next, that h = 2. Then our estimates in the
preceding couple of paragraphs yield a lower bound of 3s5(n) 4 0 for the exponent of 2 in f(X)F(X). However,
if the two nonzero elements of X are equal, they cannot form a carry-free partitioning of n; whereas, if they are
distinet, f(X) = 2(;) is divisible by 2 with a strictly greater exponent than (g) Either way, our lower bound
of 3s3(n) + ¢ cannot be attained.

What remains is to look into the unique class where h = 1 and X = {0,0,...,0,n}. Its contribution towards
the right-hand side of (W) amounts to bWg(n). Since vo(b) = v5(d/8) = § — 1, the desired result now follows
immediately by Lemma 7.3. O

This completes our alternative proof of parts (¢) and (d) of the Theorem.

8. Further work

Our initial hunch that the exponents of 2 in the numbers Wy(n) might be worth studying was based on a
connection to the numbers B(m,n). We go on now to discuss this connection in somewhat deeper detail.

Consider a grid of size 2m x 2n whose cells are coloured in black and white. The colouring is balanced when,
in each row and each column, half of the cells are white and half are black. We denote the number of such
colourings by B(m,n). The conjecture of Bhattacharya cited in the introduction states that the exponent of 2
in B(m,n) equals sa(m)s2(n). A few partial results are collected in [10]. However, a full proof has so far been
out of reach.

We may view B(m,n) and Wy(n) as two special cases of a single overarching counting problem. Given two
nonnegative integers k and ¢, we write Uy ¢(n) for the number of ways to colour the cells of a (k + ¢) x 2n grid
in black and white so that each row (of size k + ¢) contains k cells of one colour and ¢ of the other, while each
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column (of size 2n) is balanced. Then B(m,n) = Uy, m(n) and, if d # 2, also Wy(n) = Uy 4—1(n). (When d = 2,
the relation becomes Ws(n) = (2:) Ui,1(n) instead.)

Notice that Ux_1 x(n) = Uy k(n). We can now recover the relations Wi(n) = Uy o(n) = Ur1(n) = B(1,n)
and Ws(n) = Uy 2(n) = Uz 2(n) = B(2,n) referenced in the introduction.

Does our analysis of high-dimensional lattice walks throw any light on balanced grid colourings? For the
author, a crucial part of the appeal of the former problem was the likelihood that any methods developed for
it might turn out to be helpful with the latter one, too. We round off the paper by sketching, in rather broad
strokes, some ideas in this vein.

Our proof of Lemma 7.1 in Section 7 relies on a representation of the desired count in the form Y 1, 2¢F (i)
with an “arithmetically well-behaved” F. What are the positive integers m such that B(m,n), considered as a
function of n, admits a similar representation? Of course, we are looking specifically for representations which
would allow us to determine the exponent of 2 in B(m,n) by examining just a small number of summands near
the beginning.

On the other hand, our proof of Proposition 4.2 in Section 4 (whose statement is, in fact, equivalent to
that of the aforementioned Lemma 7.1) uses a different representation of the same count in which a lot of the
summands are divisible by 2 with exponents much smaller than the one we seek. However, by bundling these
summands together into sub-sums over abacus types, we were able to boost the divisibility as needed. Do the
domino representations of B(m,n) constructed in Sections 4 and 5 of [10] admit similar boosts?

One more route to explore would be as follows: We have already learned quite a bit about the exponents
of 2 in the numbers U; 4(n). We could move on next to the numbers Us 4(n). Then Us ¢(n); and so on, and so
forth. We could thus build up our understanding of the numbers Uy, ¢(n) little by little, via a series of problems
which gradually increase in difficulty. Any such general understanding would naturally illuminate the numbers
B(m,n) as well.
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